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1 Harmonic Functions

1.1 Relationship to holomorphic functions

We will denote the complex plane as both R? with coordinates 1, x5 and as C with complex
coordinate z = x1 + ixo.

Definition 1.1. Let Q C C be open. We say that u € C%(Q) is harmonic if Au = 0 in
Q. Here, Q = 8%1 + 89232 = 40,05, where

1 1
9, = 5(8171 - 7;8332)’ Oz = 5(811 + iam)'

Proposition 1.1. Let Q C R? be simply connected, and let u be real and harmonic. Then
u = Re(f), where f € Hol(Q), the set of functions f : Q — C that are holomorphic.

Proof. Observe that 20.u is holomorphic. So there exists a g € Hol(Q2) such that ¢’ =
0,9 = 20,u. Then 0,(9+7) = 20,u. Then 0,(2Re(g)) = 20,(2u), so 2Re(g) = 2u+ ¢ with
c€R. Sou=Re(g—c). O

Remark 1.1. It follows that u € C*°(Q2) and even real analytic. That is, for any a € Q,
we have in a neighborhood of a that

u(x) = Z cjr(r1 —a1)? (v2 — az)".

o0
J,k=0

This is an absolutely convergent power series.

1.2 The Poisson formula and Poisson kernel

Theorem 1.1. Let Q C R? be open with u harmonic in Q. If the disc {z : |x—a| < R} C Q,
then we have the Poisson formula:

1
27 R Jyyl=r

ey Pr(e —a,y)ula+y)ds(y), |z —a| <R.

Here, ds(y) is the arc length element along |y| = R, and

RQ o |ﬂ§|2

PR(x7y) = ‘JZ —_ y’Q )

lz] < R, |y| = R.

Proof. We may assume a = 0. Now w is harmonic in {|z| < Ry} for some R; > R. So
u = Re(f), where f is holomorphic in |z| < R. Let |z| < R, |w| = R, and compute:

Paz) = Re (W12 < L (W2 BEE) L (wts A

w—z 2\w—2 wW-—7% 2\w—2z R2—-wz




Set

1 /w+z R2+wz
v (w) = .

2
If 0 < |z| < R, then ¢,(0) = 0. Consider the function ,(w) sending w — ¢, (w) f(w)/w
for |z] < R.

w—z R?2—wz

1. If 0 < |z2| < R, then the singularity at w = 0 is removable and the only other

singularity in the disc |w| < R occurs when w = z. It is a simple pole with the
residue equals f(z)/2(1/2)2z = f(z2).

2. If z=0, ¥,(w) = f(w)/w has a simple pole at 0, and the residue equals f(0).

For 2| < R and w = Re®, we get ds(w) = |dw| = RZ2. So we may write

1 1 f(w)
o | Pawswdse) = o [ et dw= (o
211 |lw|=R 211 |w|=R w
Pz (w)
by the residue theorem. Taking the real part, we get the result. O

Remark 1.2. We can write the Poisson formula as follows:

) 1 2m 2 _ .2 ) 1 2m )
u(re') / R—Tu(Re” dr = o / Pr,(t — T)u(Re'") dr,
0 T Jo

“or |Rei™ — rett|?

where
R2 o T2
R? — 2Rrcos(t) + r?’

This is a convolution with the kernel Pg ,(t). This function tends as 1/(R —r).

Pr..(t) =

Proposition 1.2. The Poisson kernel Pr(z,y) has the following properties:
1. Pr(x,y) > 0.
2. x> Pg(x,y) is harmonic for |x| < R, |y| = R.

3. For |z| < R,
1

— Pr(x,y)ds(y) = 1.
oo PIRECRILE0)

4. Foralle >0 and 6 > 0, there exists R1 < R such that if |zt —y| > 6§ and Ry < |z| < R,
then Pr(z,y) < e.

Proof. For the second property, observe that we expressed the Poisson kernel as the real
part of a holomorphic function. For the third, apply the Poisson formula to the harmonic
function 1. O



1.3 The Dirichlet problem in the disc

Using the Poisson kernel, we can solve the Dirichlet problem in the disc.

Theorem 1.2. Let f € C({z : |z| = R};R). Then there exists a unique u € C({|z| < R})

such that u= f on |x| = R and u is harmonic in |x| < R. The function u is given by

1

" 27R Ji,_n Pr(x,y)f(y) ds(y), |z| < R.

u(x

Proof. Uniqueness: If u solves the problem, consider u,(z) = u(p(z) for 0 < p < 1. The

scaled function u, is harmonic near {|z| < R}, so

1

- P d
up =52 s (T, y)up(y) ds(y)

for |x| < R. Keep x fixed and let p — 1. We get that

1

= o Pr(z,y) f(y) ds(y).

u(z)
For existence, define

u(z) = {%IR wi=r PR, ) f(Y) ds(y) |z] <R

/ x € 0Dgp.

We will give more detail for this part of the proof next time.

O]

Remark 1.3. We can replace this continuous function f by many things, such as a mea-

sure.



2 Mean Value Property and Maximum Principles of Har-
monic Functions

2.1 Solving the Dirichlet problem

Last time, given f € C(|z| = R), we wanted to find a u € C?(|z| < R) N C(|z| < R) such
that =0 in |z| < R and u = f on |z| = R. We defined

1
27 R Jyyl=r

u(x) Pr(z,y)f(y)ds(y),  |z[ <R.

Then u is harmonic in the disc x| < R, and we need to show that v € C(||x| < R). Let’s
finish this proof.

Proof. When 0 < p < 1, we let u, = u(pz) and show that u, — f uniformly on |z| = R
as p — 1. Given € > 0, let 6 > 0 be such that if |y| = |g| = R and |y — g| < 0, then
|f(y) — f(g)] < e. Let p1 < 1 be such that if || = R, |y| = R, and |z — y| > ¢, then
p1 < p<1 = Pr(pzr,y) <ec. We get

1
21R Jiy=r

1
= %R /|y:R +/|y|=R

ly—z| <6 ly—a|>0

uy(z) — f() Pr(pz,y)(f(y) — f(x))ds(y)

=1+ I.

Note that |I1| <e. When p; < p <1 we get

1
< — — <
1< 515 [ n Paloro)lf) - £(e)ds(y) < 2Me,
ly—x|=>6
where M = max,_g |f(y)|. We get that
up(x) = fz)] < (1+2M)e
for p1 < p <1 and |z| = R. Next, if |z| < R,

1 p—1

Pr(z,y)(up(y) — f(y)) ds(y)| < max lup — f| —— 0.

lup(z) —u(z)| = R =R e

We get that u, — u uniformly on |z| < R, as p — 1. The u, are continuous on |z| < R, so
u € C(|z| < R). O



2.2 Mean value property

Harmonic functions enjoy the following unique continuation principle:

Proposition 2.1. If Q C R? is a domain, u € H(Q) = {harmonic functions on Q}, and
u)y = 0 for nonempty open w C Q, then u vanishes identically.

Proposition 2.2 (Mean value property of harmonic functions). Let  C R? be open,
u€ H(Q), and {|x —a| < R} C Q. Then

1

= — u(a +y) ds(y).
2t ), i)

u(a)
Proof. Take z = a in the Poisson formula. O

2.3 Maximum principles of harmonic functions

Theorem 2.1 (maximum principlf). Let @ # Q C R? be open and bounded with u €

H(Q)NC(Q). Then for every x € €2,

minu < u(z) < maxu.
oN o0

Proof. 1t suffices to show the result for the maximum; then replace u by —u. Let M =
maxg u, and consider the compact set £ = {z € Q : u(z) = M}. We have to show
that ENON # @. If ENOQ = @, take a € E at the smallest positive distance to 0€2;
this distance exists because F and 02 are disjoint compact sets. Take R > 0 such that
{|Jt —a| < R} CQ. Then u < M on an open arc contained in {|x —a| = R}. On the other
hand, by the mean value property,

1

M = -
" =R lyl=FR

u(a+y)ds(y) < M ds(y) = M.

27 Jyl=r
This is a contradiction. O
There exists a local version of the maximum principle:

Theorem 2.2. If u € H(R), where Q C R?, and u has a local maximum at a € €2, then u
is constant in the component of a.

Theorem 2.3 (Hopf’s maximum principle). Let D = {|z| < 1} and let u € H(D)NC(D).
Let x € 0D be such that u(x) = maxpyu. Then the normal derivative of u at x

N, — lim u(z + tz) — u(x) ~ im u(te) — u(x)
t—0~ t t—1- t—1




exists (in the sense that N, € [0,00]), and

0 <u(z)—u(z) <2

for |z| < 1.

Proof. For 0 <t < 1, write

utta) = 5 [ P ds().
-
So
wtte) ~ute) = oo [ P u)(u) —u(w) dsty)
)
= ar [y ) ) dsto)
e

Then the difference quotient is

u(tz) —u(xr)  t+1 / u(z) — u(y) ds(y).
lyl=1

B tz — y|?

t—1 2T

Let t — 1. The first case is when liminf;_,;- W < 00. By Fatou’s lemma,
t —
ta /liminfu(x)u(y)ds < 00.
T t>1- |tz —y|?

It follows that y — u(z) — u(y)/|z — y|?> € L'(OD). Try to apply dominated convergence
to the above:

|z —y| < |tz —y|+ (1 —t)x| = [tz —y| + 1 —t < 2t — y|.

We get that

) ~uly) _ ule) = uy) gy
|tz — y| |z -y
and by dominated convergence, we get

ult) — (@) 1 / u(z) — uly)
lyl=1

P - P ds(y) < oo.

Case 2 is when lim inf; ;- % = 00. In this case, N, = co. We see also that N, > 0

unless u is constant. ]

Remark 2.1. It follows that N, > 0 unless u is constant.

10



3 Local Uniform Convergence, Upper Semicontinuity, and
Subharmonic Functions

3.1 Local uniform convergence of harmonic functions

Theorem 3.1. Let Q C R? be open, and let u € C(2) be such that for all a € Q, there
exists R, — 0 such that

B 1
21 Rn Jyy|=R,

u(a) u(a+y) ds(y)

for allm. Then u € H(Q).

Corollary 3.1. Let uj € H(Q2) be a sequence such that up, — u locally uniformly in Q.
Then v € H(R), and for every a = (a1, a0) € N2, we have 0%uy, — 0%u locally uniformly
in Q. Here, 0% = 091092

xr1 “x2 *

Proof. By the theorem, u has the mean value property, sou € H(Q). If {|lx—a| < R} C Q,
write (for |z —a| < R/2)

Pua) o) = 5 p 0 [ Pale—ap)lun(at o) —ula+ ) dsy
;-
= 5o PPl — @)l +y) — (ot ) ds(o)

Here, |09 Pr(z — a,y)| < Cy g for any |y| = R and |z — a| < R/2. Therefore,

|0%uy, — 0%u| < Cor ff‘la)é lu(a +y) —uj(a+y)| — 0.
y:

Covering a compact set K C by finitely many open discs of this form |z — a| < R/2 for
R = R(a) > 0, we get that 0“uy, — 0%u uniformly on K. O

3.2 Upper semicontinuous functions

Definition 3.1. Let X be a metric space. A function u : X — [—00,00) is called upper
semicontinuous if for every a € R, the set {x € X : u(z) < a} is open.

Proposition 3.1. A function u : X — [—00,00) is upper semicontinuous if and only if
limsup,_,, u(y) < u(x) for allz € X.

Example 3.1. Let F' C X is closed. Then 1 is upper semicontinuous.

Proposition 3.2. If u is upper semicontinuous, and K C X is compact, then u is bounded
above, and supy u s achieved.

11



Proposition 3.3. Let u : X — [—00,00) be upper semicontinuous and bounded above.
Then there ewists a sequence u; € C(X) such that vy > ug > -+ > u and uj — u
pointwise.

Example 3.2. Let Q@ C C be open, and let f € Hol(2). Then u = log |f| (with log(0) =
—00) is upper semicontinuous.

3.3 Subharmonic functions

Definition 3.2. Let  C R? be open. We say that a function u : Q — [~o00,00) is
subharmonic if

1. w is upper semicontinuous.

2. If K C Qis compact and h € C(K) N H(K?) is such that u < h on 0K, then u < h
on K.

Example 3.3. If » is harmonic, then by the mean value property, u is subharmonic.

Proposition 3.4. Let (uqy)aca be a family of subharmonic functions on Q such that u =
SUpP, Uq < 00 pointwise and u is upper semicontinuous. Then u is subharmonic. If (u;) is
a decreasing sequence of subharmonic functions, then u = limu; is subharmonic.

Proof. The first statement is immediate from the definition. For the second statement, first
note that that u = limwu; = inf u; is upper semicontinuous (if u, is upper semicontinuous
for each «a, then inf, u, is, as well).

Now let K C  be compact, let h € C(K) N H(K?), and let w < h on 0K. Let € > 0,
and let zp € OK. Then there exists a j such that u;(zo) < u(xo) + ¢ < h(xg) + . Then
(uj — h)(xo), where u; — h is upper semicontinuous on K. So there is a neighborhood V;,
of xg such that u;(x) — h(xz) < € for all z € V,y NOK. Then, for all k > j, uy(x) —h(z) < ¢
for all x € V,, NOK. Covering the compact set 0K by finitely many open sets of the form
Vi, we get uj < h+¢ on OK for all large j. By the subharmonicity of the u;, we get that
uj <h+eon K,sou<hon K. O

Remark 3.1. This is the same argument as in the standard proof of Dini’s theorem in
elementary analysis.

Theorem 3.2. Let u:  — [—00,00) be upper semicontinuous. The following are equiva-
lent:

1. u is subharmonic

2. (local sub-mean value inequality): For every a € €,

u(a) < L

<o u(a +y)ds(y)
27 R Jyi=r

for all small R > 0.

12



3. For every a € §Q,

u(a) < 7T1R2//|y|<Ru(a+y) dy

for all small R > 0, where dy is Lebesque measure in R2.

We will prove these, along with more equivalences, next time.

13



4 Properties of Subharmonic Functions

4.1 Local conditions equivalent to subharmonicity
Last time, we introduced the notion of a subharmonic function.

Theorem 4.1. Let u: ) — [—00,00) be upper semicontinuous. The following are equiva-
lent:

1. u is subharmonic.
2. If {lr —a| < R} CQ, then

1
<55
2rR \y|=R

u(a) Pr(z — a,y)u(a +y) ds(y).

3. (local sub-mean value inequality): For every a € Q,

u(a) < 1

< — u(a +y) ds(y
ot e D)

for all small R > 0.

4. For every a € €,

u@) < s | /m“(a T y)dy

for all small R > 0, where dy is Lebesque measure in R2.

5. If{|lx —a] < R} C Q, then

o) < s [ /|y<R“(“ T y)dy

Remark 4.1. It follows from properties 3 and 4 that subharmonicity is a local property.

Remark 4.2. The integrals in the theorem are Lebesgue integrals of upper semicontinuous
functions. If u :  — [—o0, 00) is upper semicontinuous and K C 2 is compact, then

/Ku(a:) dr = inf /cpd:v € [—o00,0).

u<p
peC(K)
Proof. (1) = (2): Let f € C(Jx —a| = R), and let v € C(|x — a|] < R) be harmonic
in |z —al < Rsothat v= falong |x —a| =R. If u < f on |z —a|] = R, then u < v in
|z —al < R. So

u(z) < —

S5k e Pr(r —a,y)f(a+y)ds(y)

14



for |x —a| < R. Pick a sequence fi € C(Jz—a| = R) such that f;, | u. apply this inequality
to every function in the sequence, and let k — oo by monotone convergence to get the
desired inequality.

(2) = (3): Take z = a.

(2) = (5): If {|]x — a|] < R}, then

1 2 i
u(a) < 27r/0 u(a +re’)dt

with 0 < r» < R. Multiply by 2r and integrate over [0, R]. This gives us the area integral,

expressed in polar coordinates.

(5) = (4): This is a special case.

(3) = (1): Let K C Q be compact and h € C(K) N H(K?) such that u < h on 0K.
We want to show that « < h on K. The function v — h is upper semicontinuous on K and
satisfies the local sub-mean value inequality in K. We can prove the maximum principle
for w —h on K with the same proof as for harmonic functions: If M = maxx(u — h), then
the set {x € K : u(x) — h(x) = M} is closed (as u — h is upper semicontinuous on K). We
get that maxyx u — h = maxgg < 0. Sou < h on K.

(4) = (1): The argument is similar to the proof of (3) = (1), using the local
sub-mean value inequality with respect to small discs rather than circles. ]

4.2 Mean value property and maximum principle

In the proof of the theorem, we also proved the following property.

Theorem 4.2 (mean value property for subharmonic functions). Let Q C R? be open and
bounded, and let u be upper semicontinuous on Q and subharmonic in Q. Then

maxu = maxu.
Q a9

We also have the following version of the maximum principle.

Theorem 4.3 (maximum principle for subharmonic functions). Let Q@ C R? be open and
connected, and let u be subharmonic Q). If u contains a global mazximum on §2, then it is
constant.

Proof. Let M = maxq u, and notice that the sets {u < M}, {u = M} are open. O

It is important to note that the maximum needs to be global. In this sense, subharmonic
functions are much less rigid than their harmonic counterparts.

Example 4.1. Here is an example where u attains a local maximum without being constant
in . Take u(z) = max(0,Re(z)).

15



4.3 Relationship to holomorphic functions

Proposition 4.1. Let Q C C be open, and let f € Hol(?). Then u = log|f] : @ —
[—00,00) is subharmonic in ).

Proof. We saw before that u is upper semicontinuous, and we shall check that for all a € €2,

u(a) < L

< u(a+y)ds(y)
27 R Jyi=r

for all small R > 0. If f(a) = 0, then the inequality holds. If f # 0, then in a small simply
connected neighborhood of a, we can write v = Re(log(f)). Then u is harmonic near a
and the inequality holds with an equality for all R > 0. O

Next time, we will prove the following result.

Proposition 4.2. Let f € C(|z| < R)NHol(|z| < R). Assume that there exists a Lebesgue
measurable E C {|z| = R} of positive measure such that f|[p =0. Then f =0 in |z| < R.

16



5 More Properties of Subharmonic Functions

5.1 Uniqueness of subharmonic functions

Definition 5.1. Denote SH(2) to be the set of all subharmonic functions in 2.

Last time, we showed that if u € SH(Q) and if {|z — a| < R} C , then

1
< — — — .

Now assume that  is upper semicontinuous in {|z —a| < R} and subharmonic in {|z —a| <

R}. Then

u(z) < L Pz — a,y)u(a +y) ds(y), |r —a| < R.

ly|=r

To let » — R, we can assume that u < 0 and apply Fatou’s lemma. So

1
u(z) < limsup — P.(x —a,y)u(a+y)ds(y)
r—R T Jly|=r
1 2m i
Sy ket = (@ - )P

1
< — Pr(z — a,y)u(a +y) ds(y).
27TR \y|=R

e — 42 .
= — al u(a—i—relt) dt

Proposition 5.1. Let f € C(|z| < R)NHol(|z| < R). Assume that there exists a Lebesgue
measurable E C {|z| = R} of positive measure such that f|p =0. Then f =0 in |z| < R.

Proof. We may assume that |f| < 1. The function u = log|f| is upper semicontinuous on
|z| = R, subharmonic in |z| < R, so by our previous discussion,

bﬂf\_%R/le L g wlldud. < R

The integrand equals —oco on E with m(E) > 0,so0 f =0. O

5.2 Local integrability of subharmonic functions

Theorem 5.1. Let Q C R? be open and connected, and let u € SH(Q) with u # —oo.
Then u € LL _(Q); that is, if K C Q is compact, then S w(x) dex > —oco. Furthermore, if
{lr —a| < R} CQ, thenfxﬂd:R u(z)ds(x) > —o0.

Remark 5.1. The set {x € Q : u(x) = —oo} is a Lebesgue-null set.

17



Proof. Let E be the set of points € ) having a neighborhood w such that w C 2 and
[ u(z)dr > —oco. E # & because there exists some a € Q with u(a) > —oo, and the
sub-mean value inequality gives

u(a) < WLRQ //xa|<R U(z)dx

for all small R > 0. E is also open.

Let us show that Q \ E is open. If Q\ E is not open, then there exists a € Q\ E and
a sequence a, € FE such that a, — a. Arbitrarily close to a,, there exists b, such that
u(by) > oo. Picking b, so that |a, — b,| — 0, we get b, — a and u(b,) > —oo for all n.
Take R > 0 such that {|z —a| < R C Q}. Then if K,, = {|z —by| < R/2}, we have K,, C Q

for large n. So
1
- — > — 0.
~(RJ2)7 //n u(z) dx > u(by,) > —oo

For large n, a € K;,. So a € E, which contradicts the choice of a. Because (2 is connected,
it follows that Q = E, and therefore u € L] ().
If {|x —a|] < R} C Q, write

u(z) < L

< — P (xz —a,y)u(a+y)ds(y), r—al < R.
et ), P et ).

We may assume that u < 0, and then
R? — |z — al? S R2—p* R-p

PRw_a7y: = - ) p=1|T—aqa
@) Sy R 2 R e T R .
SO LR
—p
< — " d .
u(z) < wRE 1 p /|yR u(a +y) ds(y)
This integral must be finite, for otherwise, u = co on |z — a| < R. O

5.3 Differential characterization of subharmonic functions

Theorem 5.2. Let Q C R? be open, and let u € C?(Q,R). Then u € SH(R) if and only
if Au>0 in Q.

Proof. (= ): Taylor expand u at a € §:

1
u(x) = u(a) +u'(a)(x — a) + §u”(a)(a? —a)(x —a)+o(|lz — al?),
where u'(a) = (uy, (a), ug,(a)) and w”(a) = (uy 4, (a))1<jk<2. Because u is subharmonic,
for all small R > 0,
1 2 )
u(a) < 27r/O u(a + Re™) dt.
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Substituting in the Taylor expansion, the linear terms drop out, and (z; — a;)(xr — ax)
drop out as well, when j # k. The remaining terms are the diagonal terms, which are
exactly given by the Laplacian. So

2
u(a) < wu(a) + RZA’U,(CL) + o(R?).
We get
RQ
TAu(a) +o(R?*) = Auf(a) > 0.

( <= ): Assume first that Au > 0 in Q. By the previous computation,

27 2
L (™ (@ + Reitydt = u(a) + 2 Au(a) +o(R2) > u(a).
4 \>6—/

21 Jo

for small R > 0. Thus, Au >0 = u € SH(Q). In general, consider u. = u + |z|? for
e > 0. Then Au. > 4e > 0, so u. € SH(?). Letting ¢ | 0, we get u = limu. € SH(?). O
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6 Subharmonicity and Convexity

6.1 Jensen’s inequality and composition of convex functions with sub-
harmonic functions

Last time, we showed that u € C?((2) is subharmonic iff Au > 0 in .

Remark 6.1. Let u € SH(Q) be such that u # on any component (so u € L} ). Approx-
imating u by a decreasing sequence of smooth, subharmonic functions, one may show that
JuApdr >0 for all 0 < p € C?(£2) such that ¢ = 0 outside a compact subset of Q.

Theorem 6.1. Let Q be open, u € SH(Q2), and let ¢ : R — R be increasing and convez.
Then pou € SH(Q) (we define ¢(—o00) = limy—_ oo (%) ).

Example 6.1. If f € Hol(Q2), then |f|* € SL(Q) for any a > 0. Write u = log|f| and
o(t) = e where a > 0.

To proof this theorem, we need the following general inequality for convex functions.

Proposition 6.1 (Jensen’s inequality). Let I C R be an open interval, and let ¢ : T — R
be convex. Let (2, 1) be a measure space equipped with a probability measure (u(2) =1).

Let f € LY(Q,I). Then
¢(/fdu> g/wofdu.

Proof. Let I = (a,b), and let ¢ = [ fdu € (a,b). Iffora <t <c <ty <b, ¢c=at; =
(1 — a)te, where a = (ta — ¢)/(t2 — t1), then ¥(c) < aw(ty) + (1 — a)(ta). After some

algebra, we get
b(e) =9(t) _ Plt2) — 9(e)

c—1 - to —c
So
o VA = 00) () — ()
t1<c c—1 ta>c ty —c

=lg () =Prignt (¢)

where these are the left and right derivatives of ¢ at c. Then ¥(t) > ¥(c) + ¢right (c)(t — ¢)
for all ¢ € I. That is the tangent line at ¢ lies below the graph of . It follows that

0

Jonanz o ( [ rau) + dta W =

Now let’s prove the theorem.
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Proof. Let {|x —a] < R} C Q. Then
1

u(a) < — u(a+y))ds(y).
@< 5p [ uatu)isw
Applying Jensen’s inequality,
1
p(u(a)) < 5— e(ula+y))ds(y).
270 Jyy=r

We also check that ¢ o u is upper semicontinuous (since ¢ is continuous). We get that
pou e SH(R). 0

6.2 Maximality bounds in an annulus

Theorem 6.2. Let u be subharmonic in 0 < R; < |z| < Ra < oo, and let M(r) =
max|,—, u(r). Then M(r) is a convex function of log(r) € (log(R1),log(R2)): if r1,r2 €
(R1,R2) and 0 < XA < 1, then

M(rrs™) < AM (1) 4 (1 = )M (r9).
If w is subharmonic in |x| < R, then M(r) is an increasing function of r.

Proof. We claim that if I is an open interval in R, f : I — R is convex if any only if for
any compact interval J C I and any linear function L,

sup(f — L) = sup(f — L).
J oJ

This follows from the fact that the graph of f on J lies beneath the chord connecting the
endpoints.

Using this characterization of convexity, we have to show that if a,b € R are such that
M(r) = M(r) = alog(r) — b is such that M(r;) < 0 for j = 1,2, then M(r) < 0 when
r1 <1 < ry If we set v(z) = u(z) — alog|z| — b, then v(z) € SH(R; < |z| < R3) since
alog|z| — b is harmonic. Then M(r) = max|,—, v(z). If v(r) < 0 when [z| = 7 and
|z| = 7, then v(z) < 0 for 7, < |#| < 79 by the maximum principle. Therefore, M (r) < 0
for r1 < r < rg. This shows that M (r) is convex as a function of log(r).

If w e SH(|x| < R), then M (r) increases by the maximum principle applied to w. [

Corollary 6.1 (Hadamard’s three circle theorem). Let f € Hol(Ry < |z| < r2), and let
M (r) = max,—, |f(2)]. Thenlog(M(r)) is a convexr function of log(r): ifr1,m2 € (R1, Ra2)
and 0 < X <1, then

M (riry ™) < M(ri)*M(r2)' .

Proof. Apply the theorem to u = log|f|. O
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Remark 6.2. This inequality is much sharper than what we get from the usual maximum
principle applied to |f|: M (riri™*) < max(M(r1), M (r3)).

Next time, we will prove the following result (and more).
Proposition 6.2. If u € SH(|z| < R), then the average

1) = [ u(y)ds(y).

27 Jyy|=r

is a convex function of log(r) which is increasing.
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7 Averages of Subharmonic Functions

7.1 Convexity of averages of subharmonic functions

Last time, we proved the following theorem.

Theorem 7.1. Ifu € SH(Ry < |z| < Rg, then M(r) = max,|—, u(z) is a convex function

of log(r).
This gave us a stronger form of the maximum principle. Here is a similar theorem.
Theorem 7.2. Let u € SH(R; < |z| < Ry), let 0 < Ry < Ry < 00, and let

)= —— [ w@)dsly). Ri<r<Rs.

2rr \y|:r

Then I(r) is a convex function of log(r). If u € SH(|X| < R), then I(r) is increasing, and

r—0

107 =2 w(0).

Proof. Write

2m
1) = [ u(reyat
™ 27r ) u\re .

Approximating u by a decreasing sequence of continuous functions, we see that I(r) is upper
semicontinuous. We claim that I(r) satisfies the maximum principle: If Ry < r; < ro < Ra,
then

max I(r) = max(I(r1), I(r2)).

[r1,72]

Let Ry < rg < Rg, and let p > 0 be small. Let |z| = ro, and write

u(x) < 7r1p2 //y|§pu($+y) dy
B 7r1p2 // w(@ +y)Lpy(p) (y) dy
I

Integrating over |x| = rg, we get

I<><%ﬁ oo L 1= ] st

= 27 2 // [/m 0 (y — ) ds(:v)] dy
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y)d
2777‘ P2 // ¥

b(y) = /| Ty =) dsto)

The function @ gives us the 1-dimensional Lebesgue measure of the part of the circle
{]z — x| = o} contained in the ball B(y, p). We have

where

.« >0,
e 1) is continuous,

e Y(y) = ¢(|y|) for some function ¢.
e o(r) =0 for [r—ro| >p

e p(rg) > 0.

We get

where ¢(r) = 2mrp(r). So
160) < [ 6010

If w is harmonic, then equality holds. In particular, using v = 1, we get

/gZ)(r) dr = 1.

I(rg) < /@(T)I(r) dt

The sub-mean value inequality

can now be used to prove the maximum principle for I(r) in the usual way. This proves
the claim.

To show that I(r) is convex, let R) < ry < 7o < R, and let () = I(r) — alog(r) — b
be such that I(r;) < 0 for j = 1,2. We want to show that I(r) < 0 when r; < r < ro.
This follows from the maximum principle applied to the subharmonic function u(x) =
alog |x| — b.

Now assume that u subharmonic in |z| < R. We want to show that I(r) is increasing
in r. We have I(r) = f(log(r)), where f is convex on (—o0,log(R)). We want to show that
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f is increasing, so it suffices to show that the right derivative f};,,, > 0. If f},;,(t0) <0
for some tg, write

f(t) = f(to) + figni (to) (t — o).

Letting t — —o0, we get that f(t) — +oo. So I(r) — +o0 as r — 0. This is impossible, as
u is locally bounded above.
Finally, we have for all small r > 0,

T or

2T
w(0) < I(r) = — /0 u(re') dt.

+
Using the upper semicontinuity of u at 0, we get that I(r) LN u(0). O

Here is a special case of this theorem, applied to a harmonic function wu.

Corollary 7.1. Let u be harmonic in Ry < |z| < Re. Then
I(r) = alog(r) +b.

Proof. The theorem gives us that

+I(r) = %W o u(z)ds(x)

are convex functions of log(r). So I(r) is an affine function of log(r). O

7.2 The Phragmén-Lindel6f principle

We would like to extend the maximum principle for subharmonic functions to unbounded
domains.

Example 7.1. Let Q = {Im(z) = z2 > 0}, and let i(x) = xo. This is harmonic, un-
bounded, and u|sn = 0. The idea is that we should be ok if we demand that the function
does not grow too rapidly at oo.

We will prove a general theorem which will allow us to do this. The original motivation
of Phragmén and Lindel6f was the case of when 2 is a sector of the complex plane.
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8 The Phragmén-Lindelof Principle

8.1 The Phragmén-Lindelof Principle for subharmonic functions
To prove the Phragmén-Lindel6f! principle, let’s introduce some notation.

Definition 8.1. Let @ C R be open and unbounded. We say that ¢ : @ — R is a
Phragmén-Lindel6f function for € if

1. p(z) > 0 for large |z|.

2. If u is upper semicontinuous on €2, subharmonic in 2, u < M on 9Q, and u(x) < ¢(z)
for large = € Q, then u < M on (.

Remark 8.1. Let ¢ be a PL function for 2. Let f € Hol(Q2)NC(£2) be such that |f| < M
on 9N and |f(2)] < e#?) for large z € Q. Then |f| < M on Q.

Given €2, how do we construct PL functions for 27

Theorem 8.1 (Phragmén-Lindeldf principle). Let Q C R? be open and unbounded. Let
¥ : Q — [0,00) be such that

1. 1 is lower semicontinuous on Q (—i) is upper semicontinuous),
2. 1 is super harmonic in 0 (— is subharmonic),
3. (x) = o0 as |z| — oo for x € Q.

Let o > 0 be such that p(x) = o(y)(z)) when |x| — oo for x € Q. Then ¢ is a PL function
for Q.

Here is the original argument by Phragmén and Lindel6f.

Proof. Let u be upper semicontinuous on (2, subharmonic in , u < M on 99, and u(z) <
@(x) for large x € ). We want to show that u < M on Q. For ¢ > 0, set u. = u — €.
Then u, is upper semicontinuous on {2, subharmonic in Q, u. < M on 02, and for large
x €,

_ ) =—Y(x — <p(a?) ol o0 —00
ue(z) < p(a) —ev(x) = —¥( )<5 w(w))—>

Let a € Q, and let R > |a| be such that u.(x) < M for || = R and x € Q. If
Or={r € Q:|z| <R}, then Q0 C QU {zr € Q: |z| = R}, and u. < M on 9Qg. Apply
the maximum principle to u. and the bounded domain g to get that u. < M on Q. So

us(a) = u(a) —ep(a) < M.

Letting € — 07, we get that u < M on . So ¢ is a PL function for Q. O

Lindelsf was the teacher of Ahlfors.
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8.2 Phragmén-Lindelof for a sector

This important case of the theorem was the original motivation for Phragmén and Lindeldf.

Theorem 8.2 (PL for a sector). Let Q = {z € C\{0} : a < arg(z) < B} for0 < f—a < 2.
Then ¢(z) = |2|* is a PL function for Q if 0 < k < w/(8 — ).

Proof. We may assume after a rotation that Q = {z € C\ {0} : |arg(z)| < ~/2}, where
0<~y=pf—a<2r Let k < ki < /7, and consider ¥(z) = Re(z¥1) = Re(e"1°8(?)), using
the principal branch of log. This is ¥(z) = |z|¥' cos(ky arg(z)) for z € Q with z # 0. Then
v is harmonic in , continuous in Q, and [¢(2)| ~ |z|F' since |ky arg(2)| < k1v/2 < 7/2.
In particular, ¢ = o(%)) at co. Therefore, ¢ is a PL function for (. O

Corollary 8.1 (classical PL principle). Let @ = {z € C\ {0} : o < arg(z) < S}, where

0<B—a<2r. Let f e Hol(Q2) N C(Q), where |f| < M on 0Q. Assume that |f(z)| <
Cre@2 " as 2| = oo for z € Q, where 0 < k < /(8 — a). Then |f] < M on Q.

Here is an example from the spring 2015 analysis qualifying exam.

Example 8.1. Let f € Hol(C) be such that |f(2)| < el*l and sup,cg(|f(z)|? + |f(iz)?) <
oo. Show that f is constant.

Apply the classical Phragmén-Lindel6f principle 4 times, once to each quadrant. Then
f is bounded, so f is constant by Liouville’s theorem.

8.3 Phragmén-Lindelof for general domains

Let ©,Q C C be open and unbounded, and let G:Q— Q is an an analytic isomorphism
such that G extends to a homeomorphism Q — Q. Then |G(z)| is large iff |2| is large. Then
if ¢ is a PL function for 2, ¢ o G is a PL function for €. (To check this, use that if

u € SH(Q), then uo G € SH(R?).)

Proposition 8.1. Let Q = {z € C: Im(z) > 0, < Re(z) < B}. Then ¢(z) = F™() s q
PL function for Q for any 0 < k <7 /(5 — «).

We will prove this next time. The idea is that we find a conformal map from the half-
strip to a sector with a disc removed. The map is f(z) = e™*“* for some 0 < ¢ < 27 /(f—a).
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9 Phragmén-Lindelof for Strips and Cauchy’s Integral For-
mula for Non-Holomorphic Functions

9.1 Phragmén-Lindel6f for a half-strip and a strip

Proposition 9.1 (PL for a half-strip). Let Q@ = {z € C: Im(z) > 0, < Re(z) < B}, with
o < B finite. Then p(z) = "1™ s 4 PL function for Q for any 0 < k < 7/(8 — a).

Proof. Let F(z) = e™** where ¢ < 27/(8 —a). F:Q — Qis conformal, where Q=

—{w e C: |w| > 1,ca < arg(w) < ¢B}. F is a homeomorphism Q — Q. In Q, we have
the PL function p(w) = |w|*/¢, where k/c < 7/(c(8 — )). We get p(z) = @(F(z)) =
|F(2)|F/¢ = ekm() is a PL function for Q. O

Proposition 9.2 (PL for an entire strip). Let @ = {z € C: a < Re(z) < B} with a <
finite. Then p(z) = eF™() s a PL function for Q for any 0 < k < /(8 — a). Then
©(z) = eFmG s o PL function for Q for any 0 < k < 7/(f — «).

Proof. Let u € SH(Q) be upper semicontinuous on Q, v < M on 99, and u(z) < ¢(z)
for large z € Q. We want to show that u < M on Q. By the previous result, we get that
u < max(M, L) on & = QN {z:Im(z) > 0}, where L = max, gju < oo. Similarly, using
z — —z, we conclude that v < max(M, L) on Q3 = QN {z:Im(z) < 0}. So u is bounded
on ().

We claim that any positive constant is a PL-function for 2. It suffices to construct a
harmonic 9 > 0 such that ¢(z) — oo as |z] — co. We can take ¥(z) = Re(y/z — ), where
v < a. Then (2) = |z — v|/?cos(arg(z — 7)/2) ~ |21/?] at oo in Q. We conclude that
u < M on Q. So p(z) = ™) is a PL function for €. O

Corollary 9.1 (Hadamard’s three line theorem). Let Q@ = {z € C : a < Re(z) < S}.
Let u € SL(Q), upper semicontinuous on Q, u < A on 99, and u(z) < ™G for large
z € Q, where 0 <k < 7/(B — ). Let M(z) = SUPRe(s)=y w(2) for a <z < 3. Then M is
convet.

The proof is similar to ideas we’ve seen before, so we will just give the idea.

Proof. Here is the idea. Let a,b € R be such that M (z) = M(z) —az —b < 0 for x = o, .
Show that M(z) < 0 for a < x < B. If (2) = u(z) — aRe(z) — b, then @ € SH(Q) has
the right growth at oo, and M (z) = SUPRe(z)=2(2) = @ < 0 on JQ. By the PL theorem
applied to @, @ < 0 in . So M(x) <0 on [, 3]. O
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9.2 Cauchy’s integral formula for non-holomorphic functions

Theorem 9.1 (Cauchy’s integral formula for non-holomorphic functions). Let w C C be a
bounded open set with piecewise C* boundary, and let u € C1(Q). Then

ue) =5 [ o [[ ‘;Z<<>C12L<dc>,

where L(d() is the Lebesgue measure in w.

Remark 9.1. The integral over w makes sense, as 1/¢ € LL (C):

//|<<1 lldL(dQ = // drdt < .

Proof. Let v € C'(w). By Green’s formula,

| w@ac = [ e inom= [[ <‘%—‘9“> (d¢) —22//L ac).

Apply this to v(¢) = u(¢)/(¢ — 2z) and w. = {¢ € w: | — 2| > €} for small . We get

/aw 5(_2 d¢ — /K_z|€ C“(_Oz d¢ = 2i //w C_lzf;é(C)L(dg).

Letting € — 0T, we get

u(¢) :
/z—<|:s - d¢ — 2miu(z),

/%Cimmg //gizac L) € L'

by dominated convergence. O

and
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10 Relationships Between Compactly Supported and Holo-
moprhic Functions

10.1 Solving the inhomogeneous Cauchy-Riemann equation

Last time, we proved the Cauchy integral formula for non-holomorphic functions.

Definition 10.1. When 2 C R™ is open and f : 2 — C is a function, we define the
support of f supp(f) = {z € Q: f(z) # 0} (closure with respect to ).

Definition 10.2. When 0 < k € N U {c0}, let CE(Q) = {u € CK(Q) : supp(u) C
2 is compact}.

Proposition 10.1. Let ¢ € C¥(C). Then there exists u € C*(C) solving the inhomoge-
neous Cauchy-Riemann equation

ou
P
Proof. Apply Cauchy’s integral formula.

9= [ Fe0 = a0

Make the substitution ¢ — ¢ + z.

=[] G+ a0
-5 (- // WWO) '

We can differentiate under the integral sign because 1/¢ € L}
take

and ¢ € C}. So we can

loc

//C— L(d¢) STE //w L(dC) € CH(C). O

10.2 Bounds on derivatives of holomorphic functons

Proposition 10.2. Let Q C C be open, and let K C Q be compact. Then there exists
Y € CH(Q) such that 1 =1 in a neighborhood of K.

Here, 9 is called a cutoff function.

Proof. Let 6 > 0 be such that dist(x, K) > § for any z € C\ €, and let K={eC:
dist(z, K) < 6/2}. K C Q is compact. Let also ¢ € CY(C) with ¢ > 0, p(z) = 0 for
|z| > 1, and [[ ¢ = 1. For example, we can take

_222 P
SO(z):{f(l 222 sl <1
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for some B chosen so that [[ ¢ = 1. Let ¢;(z) = t~2¢(2/t), where t > 0. Then supp(p¢) C
{|z| <t}, and [[ ¢ =1 for any t.
Now consider

B(2) = L * 953 = / / w3302 — O1(C) L(dC).

Then + € C1(C). If 4(z) # 0, then there exists ¢ € K such that |z — ¢| < §/3. We get
that

dist(z, K) < dist(¢, K) + |2¢| < g +g < %6 < 0.

So supp(%) is a compact subset of 2. That is, 1 € C}(£2). Moreover, for z with dist(z, K) <
0/12, dist(z — 2¢, K) < dist(z, K) + |¢] < 0/2, so

02~ 1= [[ (100 = Dowalc - O 10d0) = [[ Wz = O = Dal@)Led0) = 1. O
Remark 10.1. This construction is valid in any Euclidean space, not just C.

Proposition 10.3. Let f € Hol(f2). For any compact K C Q and any open neighborhood
w CQ of K, we have for j =0,1,2,... that there exists a constant C; = Cj, i such that

sup |9 (2)] < G fll11(w)-
zEK

Proof. Let 1) be as in the previous proposition. Apply Cauchy’s integral formula to the
function ¢ f € CL(Q2) C C}(C):

wie = [f

for all z € C. So for z in a neighborhood of K,
1 0
10 = [ 20 E s

where the region of integration is supp(%) N K. Differentiating under the integral sign,

1
(—z

0
7 L(¢)
—_———

(W)€
=9 ¢

¢

we get %
Gy = I [0 F(©)
) =-L [ e L),
So ' -
el d L)
where | — z| > ¢. O
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11 Runge’s Theorem and Compact Exhaustion

11.1 Runge’s theorem

Last time, we showed that if 2 C C is open, K C Q is compact, and f € Hol(2), then

6= [ Gt

where 1 € C3(Q) and ¢ = 1 near K. )
Let € C C be open, and let € C (2 be a connected component of 2. Then (2 is open,
and 092 C 00N C C\ Q.

Example 11.1. Let K C C be compact, and let & = C\ K. Then 2 has precisely 1
unbounded component. Indeed, if R > 0 is large, then {|z| > R} C Q is connected, so it is
contained in a single component.

Theorem 11.1 (Runge). Let K C C be compact, and let A C C be such that any bounded
component of C\ K intersects A. Let f be holomorphic in a neighborhood of K. Then

for every e > 0, there is a rational function r(z) = p(z)/q(z) with p,q polynomials and
q(z) #0 (when z ¢ A) such that |f(z) —r(z)| <€ forall z € K.

Proof. We can use the previous formula for f, where €2 is our neighborhood of K where f
is holomorphic. Approximate the right hand side by a Riemann sum of the form

— a;j
SR

where (; € C\ K. Then approximate each 1/((; — z) by a rational function as in the
theorem, using a “pole-pushing” argument. By approximating with suitable polynomials,
we can “push” the pole from (; to another point outside of A. O

Corollary 11.1 (Runge’s theorem for polynomials). Let K C C be compact and simply
connected, and let f be holomoprhic in a neighborhood of K. Then f can be approrimated
by polynomials in z, uniformly on K.

Remark 11.1. The condition that A meets every bounded component of C\ K is necessary.
Let V be a bounded component of C\ K, ket a € V, and let f(z) = ﬁ be holomorphic
in a neighborhood of K. Assume that for every ¢ > 0, there exists r(z) rational with no
poles in V such that |f(z) —r(2)| < e on K. Then |1 — (z — a)r(z)] < Ce for all z € K.
Now 9V C K, so, by the maximum principle, |1 — (z — a)r(z)| < Ce for all z € V. This is
a contradiction when we set z = a.

Definition 11.1. Let Q C C be open, and let w C 2 be open. Then w is relatively
compact if @ is a compact subset of (2.
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Corollary 11.2. Let Q C C be open, and let K C Q be compact. Assume that no compo-
nent of Q\ K s relatively compact in Q. Then any function holomorphic in a neighborhood
of K can be approximated uniformly on K by functions in Hol(Q).

Proof. In view of Runge’s theorem, we only need to check that if O is a bounded component
of C\ K, then ON(C\ Q) # @. Indeed, if O C €, then O C Q. Here, O is compact, and
O is a component of Q\ K. O

11.2 Compact exhaustion

Proposition 11.1 (compact exhaustion with good properties). Let 2 C C be open. There
exist compact sets K, C Q such that

1. K, CKpyp form=1,2,....
2. U Ky, =
3. Every bounded component of C\ K,, intersects C\ 2.

Proof. Set K,, = {z € C : |z| < n,dist(z,C\ Q) > 1/n}. Then we have the first two
properties. Let us check that each bounded component of C\ K, contains a bounded
component of C\ .

C\ K, ={|z| >n}U{z:dist(z,C\ Q) < 1/n}
={l2l>n}u |J D(a,1.n).

acC\Q

Let O be a bounded component of C\ K. Then O € U,ec\o D(a,1/n). Thus, there
exists a € C\ Q such that D(a,1/n) C Q. Let V be the component of C\ Q such that
a€V. Then V CC\QCC\ K, is connected, and VN O # @&. Thus, V C O, so V is
bounded. O

Next time, we will show that if f € Hol(Q2), there exist rational 7, holomoprhic in €,
such that r, — f locally uniformly.
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12 Applications of Runge’s Theorem

12.1 Locally uniform approximation of holomorphic functions

Last time, we showed that if {2 C C, we can find an increasing sequence K,, C €2 of compact
sets such that Q = o7, K, and such that every bounded component of C \ K, contains
a bounded component contains a bounded component of C \ Q.

Corollary 12.1. Let  C C be open, and let A C C\ Q be such that each bounded
component of C\ Q meets A. Let f € Hol(2). Then there exist rational functions ry,
that have no poles outside of A such that r,, — [ locally uniformly in Q. If C\ Q has
no bounded component,, then there exists a sequence of polynomials p, such that p, — f
locally uniformly in Q.

Proof. Let (K,) be a compact exhaustion as before. By Runge’s theorem and the property
of the compact exhaustion, for every n, there exists a rational function 7, with no poles
outside of A such that |f —r,| < 1/n on K,,. Since any compact K C Ky C K, for large
n > N, we get r, — f uniformly on K.

If C\ Q has no bounded component, then none of the sets C \ K, has a bounded
component. By Runge’s theorem, for any n, there is a polynomial p,, such that |f — p,| <
1/n on K,. So p, — f locally uniformly in (2. O

Let C = C U {oo} be the one-point compactification of C.

Corollary 12.2. Let Q C C be such that C\ Q is connected. Let f € Hol(Q). Then there
exist polynomials p,, such that p, — f locally uniformly.

Proof. 1f suffices to show that C\ K, has no bounded component for all n. For contradic-
tion, let V' be a bounded component of C\ K,,. Then there is a bounded component C' of
C\ Q such that C C V. In particular, (C\Q)NV # @. Let V’ C C be the union of all the
other components of C\ K, (including the unbounded one) and {occ}. Then VNV' =@, V
and V' are open in C, and VUV’ D C\Q: (C\Q)NV # @, and (C\Q) NV’ # @ (because

oo is in the intersection). This contradicts the assumption that C\ K, is connected. [

12.2 Solving the inhomogeneous Cauchy-Riemann equation

Earlier, we solved the inhomogeneous Cauchy-Riemann equation for functions which are
compactly supported. We even had a formula for it. Let’s show a related result for non-
compactly supported funcitons.

Theorem 12.1. Let Q C C be open, and let f € CY(Q). Then there exists u € C*() such
that % = f in Q.
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Proof. Let (K;);>1 be a compact exhaustion of €2, as before. Let ¢; € C3(2) be such that
0<1v; <1and;=1near K;. Let

Y= >
7 {wj j=1.

Then ¢; € C}(2), ¢; = 0 in a neighborhood of K;_1, and sum E;’il ¢; has only finitely
many nonzero terms for each x € Q (and hence converges). We can calculate

Z‘Pj = ﬁmooz; pj = lim (¥1+ Z(%‘ —¥j-1)) = Hm (Y1 +9y —¢1) =1.

This is called a locally finite paritition of unity. Write f = Z;’il @ f, where p;f €

C3(Q) C C}(C). As ujf is compactly supported, there exists a function u; € C'(C) such
a .

that 52 = ¢} f (we can take uj(z) = (1/7) [ ¢;f({)/(z — ¢) L(ds)).

Here is the problem: the sum Zj u; may not converge. We know that % =0ina
neighborhood of K;_1, so u; is holomorphic near K;_;. By Runge’s theorem, there exists
a function v; € Hol(Q2) such that |u; — v;| < 277 on K;_; for all j. Now try the sum
u=>%,(u; —vj). We claim that u € C*(Q) and % = f. Let K C Q be compact, and

j=1
let N be such that K C K. Then

N 00
=Y (u—v)+ Y. (uj—vy),
j=1 j=N+1

and |u; —v;| <277 on K, so u € C(Q2). Since dz(u; — v;) = 0 in a neighborhood of K;_1,
u; —v; is holomorphic in a neighborhood of K, where j > N+ 1. So the sum of the series
> jeny1(uj — vj) is holomorphic in K. Thus, u € C1(£2), and we compute in K¢:

N N N o]
0
£223Zj(uj—vj)22¢jf= dwi+ > wi|f=f O
=1 j=1 j=1 J=N+1
—_———
—0in Ky
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13 Mittag-Leffler’s Theorem and Infinite Products of Holo-
morphic Functions

13.1 Mittag-Lefller’s theorem

Last time, we showed that if Q C C is open and f € C(f2), then there exists some
u € C1() such that % = f in Q. Here is an application.

Theorem 13.1 (Mittag-Leffler). Let Q C C be open, and let A C Q be a set with no limit
points in Q. For each a € A, let p, be a rational function of the form

Na

Pol2) =)

=1

for some cq; where 1 < N, < oo. Then there erxists a f € Hol(2\ A) such that for all
a €A, f—pg is holomorphic in a neighborhood of a.

Remark 13.1. In other words, f is a meromorphic function in £} with poles only in A,
and for any a € A, p, is the singular part of the Laurent expansion of f at a.

Proof. The idea is to solve the problem first in the smooth (C!) category and then correct
a smooth solution to get a holomorphic solution solving a J-problem.

The set A is at most countable, and we may assume A is infinite: A = {a1,a9,...}.
Let U; € Q be a small neighborhood of a; such that Uj NU;, = @ for j # ¥, and let

©; € CE(U;), where k > 2, be such that ¢; = 1 in a neighborhood of a;. Define
9(2) = paj(2);(2)
j=1

for z € 2\ A. For every compact K C Q, U; N K = @ for all but finitely many j. So
g € CF(2\ A), and near a;, g — po; =0 € CK.

Next, compute
09 0 = Oy
0z T L gE ) = L

. . ) . . ag o 89 k—1 .
which is 0 near a; for any j. Since 32 = 0 on A, 3 extends to a C function on

Q: % e CF1(Q) € CYQ). Now let u € C'(Q) be such that 5% = %2 in Q. Define
f(z) = g(2) —u(z) € CL(Q2\ A). Then df =0, so f € Hol(Q2\ A). In a neighborhood of

a; € A, we write

f=Pa; = 9g—DPa;, —_U_.
J J \ec_zl

€CF near a;

Then f — p,—; is bounded in a set of the form 0 < |z — a;| < r; for small r;, so f — p; has
a removable singularity at a;. So f — p,; is holomorphic near a; for all j. O
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13.2 Infinite products of holomorphic functions

Next, we will discuss Weierstrass’s theorem, which basically says that any subset of 2 C C
with no limit points in €2 is the zero set of some holomorphic function. The idea is to try
infinite products of holomorphic functions. You can see how Mittag-Leffler’s theorem is
inspired by this result.?

Proposition 13.1. Let Q C C be open, and let (f;) be a sequence in Hol(S2). Assume that
for every compact K C §, there exists N € N and a convergence series Z?’;N M; < o0
with M > 0 such that f; is nonvanishing on K for all j > N and that | Log(f;(2))| < Mj,
wher j > N, and z € K. This is the principal branch of log: arg € (—m,n]. Then the
sequence ([Ti_ f;) converges locally uniformly in Q, f(2) = lim, o0 [[j_; fj(2) € Hol(2),
and we write f(z) = H(;il fj(z). The zeros of f are given by the union of the zeros of the
fj, counting multiplicities.

Proof. Let K C Q) be compact, and let NV, M; be as in the proposition. For j > N, write
fi= elog(fi) | Then
n

[[fi=ep [D Los(fy)] .
j=N

i=N

converges uniformly on K

w| < emax(Re(z),Re(w))‘z _

so, using |e* — e w|, we write

m

fi| <Cx Y |Log(fj)l =0

n m
j=N j=N Jj=n+1
uniformly on K. To show that |e* — e®| < emax(Re(2).Re(w)) | _ 4p| note that

LS
z w 7etz+(1—t)w dt. ]
o dt

Example 13.1. Assume that (f;) € Hol(Q2) is such that for every compact K C Q, we
have » 722 ) supg [1— fj| < co (normal convergence on each compact). Then the proposition
applies, and the product H;’il fj converges locally uniformly in €.

2Mittag-Leffler was a student of Weierstrass.
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14 Weierstrass’s Theorem

14.1 Constructing holomorphic functions with a given zero set

Here is Weierstrass’s theorem, which allows us to construct holomorphic functions with a
prescribed zero set.

Theorem 14.1 (Weierstrass). Let 2 C C be open, and let A C Q be a set with no limit
point in Q. Assume that for any a € A, we are given a positive integer n(a). There erists

f € Hol(2) such that f~1({0}) = A, and the multiplicity of each a € A is n(a).

Proof. We may assume that A is infinite and write A = {ag, k = 1,2,...} with ax # ap if
k # k. Call ng := n(ax). We shall try to construct f as an infinite product of the form
oo
H(Z — ag)"* eIk 2),
k=1
where g; € Hol(2) are chosen to achieve convergence.
Introduce the compact exhaustion K; = {z € C : |z| < j,dist(2,C\ Q) > 1/5}. For
each k, we have a;, € Kj for all j large enough. Define the sequence

. o 1 ag €K1
ik} = {max{j cap & K} oar ¢ K.

We have j(k) — oo as k — oo: If j(k) < M for some M, for infinitely many k, ar & Kj)
for all large k. Then ay € K11 € K for infinitely many K, which cannot occur since
A has no limit points in €.

We claim that for any k large enough, there exists f € Hol(Q2) such that f, Loy =
{ag}, the multiplicity of ay, is ng, and such that there is a holomorphic branch g of log( fx
in a neighborhood of Kj). We have aj ¢ K, so |ag|j(k) or dist(ax, C\ Q) < 1/5(k).
We deal with each case:

1. |ag| > j(k): Take fr(z) = (2 — ax)™ and then take a holomorphic branch L; of
log(z — ay) in C\ {tay,t > 1} 2 K. Then gy = ny L.

2. dist(ag, C\ Q) < 1/j(k): This distance is sz(C\Q lar, — z|, and pick by € C\ Q such
that dist(ag, C \ ) = |ax — bg|. This is the infimum of a continuous function over a
closed set, and it goes to oo as |z| = 0o, so the value is achieved; moreover, by € 9.

Take
z — ay

fv(2) = <Z — bk>nk € Hol(Q).

Then {tag + (1 —t)by : 0 <t < 1} N Ky = @ because dist(tay + (1 — )bz, C\ Q) <
tlar — bg| < 1/j(k). Now the Mobius transformation

T(Z): Z — ag

Z—bk
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maps C \ [ag, bx] to C\ R_, and thus we can take gi(z) = nj Log(Tk(2)), where this
is the principal branch of Tj. So gi is holomorphic in a neighborhood of K.

This proves the claim.

Now any bounded component of C\ Kj() meets C\ €, so by Runge’s theorrem, for
any k, there is a holomorphic function hy € Hol(2) such that |gr — kx| < 27% on K-
Define fj, := e M f), € Hol(£2). Then f& does not vanish on Kjky- On Ky, fre = e —hi
so (using |e* — 1] < |z]el*l) we get |f, — 1| < 2 %e on Kjgy- If K CQ, then K C Ky for
large k (as j(k) — oo when k — 00), and this estimate shows that the infinite product

F=11
k=1

converges locally uniformly and defines f € Hol(2) which solves the problem. ]

14.2 Characterization of meromorphic functions

Weierstrass’s theorem gives us an immediate way to characterize meromorphic functions.
Corollary 14.1. Let g be meromorphic in Q. Then g = f/h, where f,h € Hol(Q).

Proof. Let h € Hol(2) be such that the set of zeros of h agrees with the set of poles of g,
with multiplicities. Then f := gh € Hol(Q). O
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15 Corollaries of Weierstrass’s Theorem and Entire Func-
tions of Finite Order

15.1 Existence of a holomorphic function with given Taylor expansion
near infinitely many points

Last time, we proved Weierstrass’s theorem, which says that if A C € is a set with no limit
points, then we can construct f € Hol(§2) with zero set A (with multiplicities).

Proposition 15.1. Let @ C C be open, and let A = {a;}32, be an infinte set with no limit
points in ). For each j > 1, let m; > 0 be an integer, and let f; be holomorphic near o;.
Then there exists some f € Hol(Q) such that for all j, f(2) — fi(2) is O(|z — aj|™ L) as
z — aj. (Thus, the Taylor expansion of f can be prescribed up to order m at each c.)

Proof. By Weierstrass’s theorem, we can construct g € Hol(€2) have zeros of order m; + 1
at a; for all j. By Mittag-Leffler’s theorem, there exists a meromorphic function A in €
with poles at {a;} only such that h — f;/g = r; is holomorphic near «; for all j. Define
f =gh € Hol(Q2\ A). Then f/g — f;j/g is holomorphic near «;, so f — f; is holomorphic
near a;. So f € Hol(Q). Also, f — f; = rjg, where r; is O(1) and g is O(|]z — a;|™ 1) as
Z = . O

15.2 Existence of a holomorphic function which cannot be extended

Here is another corollary of Weierstrass’s theorem.

Corollary 15.1. Let Q be open. There exists f € Hol(Q) which cannot be continued
analytically to any larger open set. More precisely, if a € 0, g € Hol(D(a,r)), and f =g
near a, then D(a,r) C Q.

We say that €2 is the natural domain of holomorphy for f.

Proof. Let {ag}32, be an enumeration of all points in 2 with rational coordinates. Let
(2j)52, be a sequence in € such that each ay such that each ay occurs an infinite number of
times: (a1, o1, 0, a2, a1, 2, a3, a1, . .. ). Choose a compact exhaustion of Q: K; C Q with
K; C K¢, and |J; K; = Q. Let r; = dist(z;,C \ Q) so that D(z;,r;) is the largest open
disc centered at z; contained in 2. For each j, let w; € D(z;,7;) \ Kj. We let A = {w;};
each compact set is contained in K for some j, so A has no limit points in 2. Thus there
exists f € Hol(2) such that f~1({0}) = A. Now let a € Q have rational coordinates and
consider D(a,r), where r = dist(a, C\ Q). We have: a = z; for infinitely many j, so D(a, )
contains infinitely many points w;. Thus, by the uniqueness of analytic continuation, no
function which is equal to f near a can be holomorphic in any larger disc centered at a. [

Remark 15.1. When n > 1, this property does not hold for functions in C™.
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15.3 Entire functions of finite order

Definition 15.1. We that f € Hom(C) is of finite order if there is some o € R such that
|£(2)| < Cel?l” for all z € C for some C > 0. The order p of f is the infimum of such o.

Observe that p € [0,00). Also, f has order p iff for all € > 0, f(z)/el?l”™ is bounded
on C and f(z)/el?” is unbounded on C.

Example 15.1. Polynomials have order 0.

Example 15.2. e?, cos(z), and sin(z) all have order 1. The function ze” still has order 1.
The function e*” has order m.

Example 15.3. The order need not be an integer. For example, cos(y/2) (defined by its
Taylor expansion) has order 1/2.

Example 15.4. Let f € L'(R) be compactly supported; that is, there exists some R such
that f(z) =0 for a.e. x with |z| > R. Then the Fourier transform of f,

f) = [ @ do
for £ € R, can be extended to the entire function
f) = [ @y do

for ¢ € C. Then
R
FO)l < / O (@) do < ]

SO f is of order < 1.

Remark 15.2. Let M(r) = max,—, |f(z)[. We have

L log(log(M(r))) .. log(log(M (r)))
”_hﬁlil.}pw —ngr(;)( ) '
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16 Jensen’s Formula

16.1 Example of entire functions of finite order

Last time, we talked about entire holomorphic functions of finite order (|f(z)| < Cel*l” for
some o € R).

Proposition 16.1. Let f be entire of finite order p which is nonvanishing. Then f = €9,
where g is a polynomial of degree p.
Proof. Write f = €9, where g is entire. For any € > 0, there exists a constant C. such that

|Z‘P+E

|[f(2)] < Cee

So Re(g(z)) < |z|Pte + C.. By the Borel-Carathéodory inequality (proved in homework),
g is a polynomial of degree < p. As f has order p, we get deg(g) = p. O

16.2 Jensen’s formula

Theorem 16.1 (Jensen’s formula). Let f € Hol(|z| < R), and assume that f(0) # 0. Let
0 <r < R, and let z1,...,z, be the zeros of f in the disc |z| < r, each zero repeated
according to its multiplicity. Set r; = |z;| for each 1 < j <n. Then

/Mlog\f(re ) do = 10g(|f( )|m>

If f has no zeros, this integral equals log|f(0)].

Proof. Replacing f(z)) by f(rz), we can assume that » = 1. Split into cases of increasing
generality:

1. f#0on |z| <1: Then log|f| is harmonic in a neighborhood of |z| < 1, and Jensen’s
formula follows from the mean value property.

2. f#0on|z| =1: Let
Bj(z = 72(72 — Zj) .
rj(zjz — 1)
This is called a Blaschke factor. Then B; is holomorphic near |z| < 1. Bj has a
simple zero atz; only, and |B;j(z)| < 1 when |z| = 1. Define g = f/(B1---By); ¢
is holomorphic near |z| < 1, nonvanishing, and |g| = |f| when |z| = 1. Apply the
previous step to g to get

e [ o1l = 10850 )= tog (LLOL)

“Tn
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3. f has (finitely many) zeros on |z| = 1: Apply Jensen’s formula to |z| < r, where
r < 1 is close to 1:

% /0277 log ‘f(?“eiso)‘ dp =log|g(0)| = log <|f(0)|7”n> .

ri:---Tp

Let » — 1, and pass to the limit using dominated convergence. If f(e¥¥0) = 0,
estimate |log |f(re’?)| as r — 1 and |p — ¢o| is small: f(z) = (z — €*°)™g(2), where
g is non-vanishing. We need to consider only |log|r —e™|| as 7 — 1 and ¥ is near 0.
We get that |log|r — e™|| < C(1 +log(1/|¢|)). In particular,

’T’ - ei¢|2 _ T2 +1—92r COS(i/J) = 7”1/}2 + O(¢4)7

where we have used cos(v)) = 1 — ?/2 + O(¢*). Altogether, if ¢1,--- ¢y are the
arguments of the zeros of f along the circle |z| = 1, we get:

k
; 1
|log | f(re'?)| < C 1+Zlog+<> e L',
= v = 4l

where log (t) = max(log(t),0). So we can indeed apply the dominated convergence
theorem to get Jensen’s formula. O
16.3 Number of zeros in a disc

Corollary 16.1. Let f € Hol(|z| < R), and let n = n(r) be the number of zeros of f in
|z| <7, counted with multiplicities. Let the zeros be 21, ..., 2p() with r; = |z;|. Then

"o,

1 2m i "n
o | loglf(re®)ldp —log|f(0)] = t.
™ Jo 0 t

Proof. Rewrite Jensen’s formula using the following computation:

r? LS|
lo = / —dt
g(rl...rn> Z Tjt

I
o\ﬁ
=
<
Nk
=N
=
S—
U
S




Remark 16.1. In particular,
" n(t " t
/ ) g / " gt > nr/2) log(2).
0 t r/2 t

Next time, we will use Jensen’s formula to prove the following fact about entire functions
of finite order.

Theorem 16.2. Let f be entire of finite order p, and let n(r) = |{z : |z| < r.f(z) = 0}].
Then for alle >0 and r > 1,
n(r) < C.rPte.
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17 Factorization of Entire Functions of Finite Order
17.1 Number of zeros of entire functions of finite order
Last time, we proved Jensen’s formula.

Theorem 17.1. Let f be entire of finite order p, and let n(r) = |{z : |z| < r, f(z) = 0}].
Then for all € > 0 there exists a constant C. such that

n(r) < C.rPte
for all > 1.

Proof. 1If f(0) # 0, then

2o n 2r n
/0 it) dt > / it) dt = n(r)log(2),

where the inequality comes from the fact that n is increasing. Using Jensen’s formula,

2
log(2)n(r) < 21/ log |f(re*)|de + C < C. 4+ CrP*e + C < Crf™e,
T Jo

m

If f(0) = 0, apply the previous argument to g(z) = f(z)/2™, where m is the multiplicity

of 0. Since n(r) = ny(r) + m, we get the result. O

17.2 Weierstrass factors and Weierstrass’ theorem for C

Definition 17.1. When m > 0 is an integer, we define the Weierstrass factors?® as
Em(2) = (1 — 2)eXiz1#/d,
Remark 17.1. We would like to consider infinite products of the form

H(l — z/ay)e 9/ ),

where |ay| — oo and where g should approximate log(1—2) = —>22, 2 /j for |z| < 1. The
idea of the Weierstrass factors is that the factors are the partial sums of this approximation.

Lemma 17.1. For all |z| < 1,

1= Bu(2)| < o™,

3Weierstrass used these in his proof of Weierstrass’ theorem. We did not.
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Proof. Let h(z) =1 — Ep,(2), so h(0) = 0. Compute
W(z) = i 7 (1 4 29 (2) = ¢/(2)) = 2meim 210,

So h(z) = O(]z|™*1), and we see that h(z)/z™*! is holomorphic on C. We have

R (z) =2"(1+ a1z + azz* + )
with a; > 0 for all j. Integrating, we get

h(z) = 2™ (bg + brz + bp2? + -+ ),

with b; > 0 for all j. If we write g(2) = h(z)/2™"L, then

l9(2)] < g(|2]) < 9(1) = (1) = 1. ]

Theorem 17.2 (Weierstrass’ theorem for C). Let (a;)32, be a sequence in C\ {0} such
that |ag| — oo as k — oo. Then the canonical product

f(z) = 11 Brlz/ar)
k=1

converges locally uniformly in C and defines an entire function f such that f~*({0}) = {ax}
and the multiplicity of a € f~1({0}) is the number of k such that a = a,.
Proof. 1t suffices to check that for any compact set K C C,
Zsup |1 — Ex(z/ar)| < oo.
k=1 K
K C{|z| < |ag|/2} for all k large enough, and by the lemma,
ja = Bi(z/ar)| < |z/ar|*+ <278,

The result follows. O

17.3 Factorization of entire functions of finite order

Now assume that f is entire of finite order p with the zeros aj # 0 counted with multiplic-
ities such that |a1| < |az| < --- and |ag| — oo.

Proposition 17.1. The series
> <o
po |ak|m+1 ’

provided that m > p — 1.
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Proof. Write

o0
SITREED of U SR
lag|>1 J=0 \27<]ay|<ait!

2= (m+1)p(25+1)

[e.e]
< Z O 20D (pte)g=j(m+1)
7=0

| /\

00
E:p+em1<oo

ifp+e<m+1. O

Proposition 17.2. Let m be the smallest integer such that m > p — 1 (so that m < p <
m +1). The canonical product

oo

I Enz/ar)

k=1

converges locally uniformly in C.

Remark 17.2. The improvement here is that we can use a fixed Weierstrass factor here
instead of having it depend on k.

Proof. If |z| < ay/2, then |1 — E,(2/ay)| < |z/ai|/™". So for compact K C C,
Zsup|1— m(z/ak)| < oo. O

To summarize, we can write:
o0
f(2) = 8D T Em(z/ar),
k=1

where o is the multiplicity of 0 as the zero of f, and g is entire. This will allow us to
understand the structure of entire functions of finite order in the following way:

Theorem 17.3 (Hadamard). The function g is a polynomial of degree < p.
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18 Hadamard Factorization

18.1 Lower bound on the product of Weierstrass factors

Let f be entire of finite order p, with zeros (ax) such that 0 < |a;| < ag| <---. Let m € N
be such that m < p < m + 1. Then we have the Hadamard factorization:

f(z) = e9)2P ﬁ Em(z/ar),
k=1
where ¢ is entire, and p is the order of the zero at z = 0.
Theorem 18.1 (Hadamard). The function g is a polynomial of degree < p.
We need a good lower bound on the canonical product away from the zeros {ay}.

Proposition 18.1. For any s € R such that p < s < m+1, there is a constant Cs = C > 0
such that

m(z/ag)| > e Clel®

for all z € C\ U D(ay, |ar| =™ 1).
Proof. We need the following 2 estimates for E,,(z):
L |Ep(2)] > e CF™ when |2| < 1/2: Write
En(z)=(1- z)ezg'nﬂz/j = e,
where m J
w = log(1l — z2) g 7 Z T
So |w| < 2|z|™*1, and the estimate follows.
2. Ep(2)] > 1 — 2[e €A™ when |2| > 1/2: Write
[Bn(2)] 2 |1~ 2le”!Z5 2,

where

m Zj m 1

m m
27| = 2 e = O™
J=1 Jj=1
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We write next

[[EnG/a)= ] Ewzlar) [ Em(z/aw).
j=1

|z/ar|<1/2 |z/ar|>1/2

—A =B
The first estimate gives
|A| > H e Clz/ar™ 1 _ e_c|z‘m+12|ak\>2|z\ 1/lag|m™
|z/ak|<1/2

Now if p < s < m + 1, then Y 1/|ag|® < oo (by the same argument as in last lecture).
Then |ag| ™™ ! = |ag|~%|ar|*"™ " < Clag|~|2]"™, so we get the lower bound

|A| > e,

Next, the second estimate gives

B> ] N-z/al J[ e “F/=".

|z/ar|>1/2 |z/ak|>1/2

=exp(—C|z|™ > 1/|ag|™)

To bound this second term, we have |ax| ™™ = |ag|~*a;™ < C|2|*7™|ax| =%, so

H e_C‘z/a‘k‘m Z e_CS‘le'
|z/ak|>1/2

Finally, using |z — ag| > 1/|ag|™"" for all k, we get
1
[I n-aa= ]I Tan
l2/axl>1/2 le/axl>1/2 1 *

Taking logs, we get

> (m+2)logla| < O(1)log(2]2]) n(2lz]) < O(1)|z].
——

lax|<2|2] <C.|z|pte

The result follows. O
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18.2 Proof of Hadamard’s theorem
Let Q = C\ U D(ag, 1/|ar|™*!) be the domain from the previous proposition.

Proposition 18.2. There exists a sequence Ry — oo such that {|z| = Rx} C Q.

Proof. Recall that > 72, 1/]ag|/™" < co. Pick N so that > po y1/lag|™ < 1/2. Set
A = {x € R : |z — |ag|| < |ax|™™ '}, Then > 32y < 1. Given L € N large, let
r € [Li, L+ 1]\ Uze v Ak; the set |z~ 5 Ak has Lebesgue measure < 1. Then if |z| = r,

1

|z — ag| > ||z] — |ag|| > Tan

If L > L for large Ly, we also get

1
|z —ag| > ———
|ak|m+1

for 1 <k < N, and the result follows. O
Now we can prove Hadamard’s theorem. Recall that we have
o0
f(z) = D2 [ Emlz/ar).
k=1

Proof. When |z| = R;, we have

|eg(z)| _ |f(Z)‘
22| T[] Em(z/an)

N————
>Ce exp(—|z|Pt)

|Z|P+6

< C.e

for al € > 0. By the Borel-Carathéodory estimate, which says

R+r

wp 9(2)] < 7 sup Re(g(s) + 7 g r< R
there exists a sequence R; — oo such that
9(2)| < Ce + 121775, |o| =R j=12,...
By the usual Cauchy’s estimates argument, g is a polynomial of degree < p. ]
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19 Applications of Hadamard Factorization and Properties
of the I'-Function

19.1 Minimum modulus theorem and range of entire functions of finite
order

Last time, we proved the Hadamard factorization for entire functions of finite order:

f(z) = 8D T Bulz/ar),

k-1

where (ay) are the zeros of f such that 0 < |a1] < |ag| < -+, p is the order of the zeros
at 0, m < p<m+1, and g is a polynomial of degree < p. We have for all s € (p,m + 1)
there exists some C' > 0 such that

‘HEm(z/ak)) > e Ol zEC\UD(ak,l/\ak\mH).
Our analysis of this gives us the following facts:

Corollary 19.1 (minimum modulus theorem). For every ¢ > 0, there exists an R > 0
such that
f Ze 7 2 = R 2 e\ D(ay, 1/lax™ ).

Corollary 19.2. Let f be entire of finite order p ¢ N. Then f assumes every complex
value infinitely many times.

Proof. For any w € C, f, f —w are entire of the same order, so it suffices to show that f has
infinitely many zeros. If f has only finitely many zeros, then the Hadamard factorization
gives f(z) = p(z)e9®), where p, g are polynomials. The order of such a function is the
degree of g, which is an integer. O

19.2 Factorization of sine

Example 19.1. Let f(z) = sin(nz). This is entire of order 1, and f~({0}) = Z. Write
Z\{0} as {ap : k=1,2,...} with ag; = —j for j > 1 and agj11 = j+ 1, for j > 0. We can
write

sin(rz) = e9%) 2 H Eqi(z/ag)
k=1

— ¢9(2) H(l — z/ay)e* %
k=1
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o0

— ¢9(2) H(1+Z/] Z/JH (1—2z/(j +1))e/U+D

Jj=1 j=0
G0+ 22/57)
j=1

e is even, and g is a polynomial of degree < 1. So g(z) = g(= z) + 27ki for some k € Z.
If g(2) = az+ S, then o = 0.

o
= TJ0+22/7%)
j=1

To find 3, differentiate and take z = 0 to get m = e”. This gives us the classical factorization
formula:

sin(mz) = 7z H 22/4§2).
19.3 The I'-function
Definition 19.1. The I'-function is defined by
I(a) = / t* et at, Re(a) > 0.
0

The integral converges locally uniformly in Re(a) > 0 and defines a holomorphic func-
tion in this region. We have

R R
I'(a+1) = lim e 't*dt = lim —tae_t‘R +/ at® et dt | = al'(a),
e—=01 Je e—0t € €
R—o0 R—

when Re(a) > 0. In particular, since I'(1) = 1, we have
I'(n)=(n—-1), n>1.

Proposition 19.1. The I'-function has a meromorphic continuation to C with simple poles
at the nonpositive integers {0,—1,—2,...}. The residue at —N is (—1)V/NV.

Proof. For N € N with N > 0, write

I'Na+N+1)=(a+ N)I'(a+ N)
=(a+N)a+N-1I'(a+ N —1)
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=(a+N)---(a+1)al'(a).
So we can write
I(a) = I'(a+ N +1) '
(a+N)---(a+1a
The right hand side is meromorphic in Re(a) > —N — 1. Thus, I" extends meromorphically
to all of C with the poles {0,—1,—2,...}. Compute

_1\NV

Remark 19.1. We have I'(a + 1) = al'(a) for a € C\ {0,—1,-2,...}.

We want to apply Hadamard factorization to I', but it is not entire. However, 1/T is
entire. We will use the following property of the I' function:

Proposition 19.2 (reflection identity). For a € C\ Z,

™

@)l -a) = sin(ma)

Proof. 1t suffices to show the identity when 0 < Re(a) < 1. Write

F(l—a):/ e ‘" adx —ty—t/ e W (ty) " dy.
0 0

e it </ e W (ty) @ dy> dt = // e 04 y=a gy dt
0 t>0,y>0

SO we may write

F(a)['(1 —a)

)
15

sm(mL)

To show the last equality apply the residue theorem to

b—a
z
with 0 < b <1 and 0 < arg(z) < 27, using a “keyhole contour.” We get
p2mi(b—1)) [57 !
dz — (1 —e™ —d
JRCEY s
where the left hand side equals 27i(—1)°~1. O

Next time, we will show that 1/I" is entire of order 1.
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20 Uniqueness of the I'-Function and Hadamard Factoriza-
tion of 1/’

20.1 Uniqueness of the I'-function

Last time, we defined the I'-function

F(z):/ et dt.
0

We saw that I' € Hol(Re(z) > 0) and extends meromorphically to all of C with simple
poles at {0,—1,—2,...}. We also saw that

I(z+1) =zI'(2),

™

M)l -2 =

sin(7z)’
the latter of which is called the “reflection identity.”
The functional equation actually characterizes I'.

Proposition 20.1. Let f € Hol(Re(z) > 0) be such that f(z + 1) = zf(z), and assume
that f is bounded in 1 < Re < 2. Then f(z) = f(1)I'(z).

Proof. Consider f(z) = f(z) — f(1)I'(z). We have f(z 4 1) = zf(2), so f extends mero-
morphically to C with simple poles at {0,—1,—2,...}, and we can write

fz+N-1)

f(z):z(z+1)...(z+N)’

Re(z) > —N — 1.

So Res(f, —N) = lim._,_n(z + N)f(z) = 0 for all N. So f is entire. Set @(z) = f(z) =

f(2)f(1 —2) € Hol(C), and we get

i+ 1) = fo 1) f(=2) = 2f(2) = f(1 - 2) = ~a(2).

So @ is antiperiodic and bounded in 1 < Re(z) < 2, so 4 is constant. So we get u(z) =
a(l) =0. O

20.2 Hadamard factorization of 1/T
Theorem 20.1. The function 1/T is entire of finite order 1 with the Hadamard factoriza-

tion
1 oo
7 —z/k
02) e zk”l(l + z/k)e *%,

where v = limpy 00 27]:[:1 1/n —log(N) is the Euler constant.
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Proof. We have the reflection identity

I . sin(7z)
I'(z) rd-z) 7r

for all z € C. The sine term is of order 1. We have

1 00
F(z):/ e_ttz_ldt+/ e 't*"Lat
0 1
Y X a1
/ T dt+/ e ft*ldt
o J 1

( 1>] > —tyz—1
+ e "t dt.
(J+2) /

NE

0

<.
Il

p"qg

JJ+=

I
=)

J
€Hol(C)

The series defines a meromorphic function in C with poles at {0, —1,—2, ... } since for every
compact set K C C, the functions (—1)7/(j!(j + 2)) have no poles in K for j > jo and
because > >0 1)7/(5!(j+2)) converges uniformly on K. We get by analytic continuation

that A
— (-1 /°° -
I'(l —2) = -~ + e 't z
(==L Gri-9 "k

j=io(~

for any z, so

Now

/ e_tt_zdt‘g/ e tel Re()l gt
1 1

Let |Re(z)] <n <1+ |Re(z)|, where n € N.

< nl!

nn

(112D log(1+12])

IN A

so we get
< CeC(l+|z|)log(1+\z|)'

()=
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If | Im(2)[ > 1, then

Z : ( 1) Sln(?TZ) S C'eW'Z',
jzoj!(j—i-l—z) ™

The same estimate holds if Re(z) < 1/2. Let k € Ny with £ > 1 be such that k —1/2 <
Re(z) < k+1/2. Then

JlG+1-2) T kNk-2z2) 7

o(1)

S CW Y sinle) (D i)

=0

It follows that the order of 1/I' is < 1.
To see that the order is > 1, write

B I'z4+N+1
1ﬂ(z)_z:(z+1)~--(z+]\7)’

and take z = N — 1/2. Then

Re(z) > =N — 1.

1 1 1
= |>_— > _NNeN
‘F(—N—1/2)' =N=c" ©
by Stirling’s formula. So the order of 1/T" is exactly 1.

By Hadamard’s theorem, we get

= ¥ Hhy H(l — z/k)e /",

L) b1

Multiply both sides by I'(z), and let z — 0. We get

1 = lim e** AT (2)z = €°,
z—0

so 8 =0. To compute o € R, take z = 1 in the expression for 1/T":
1 o0

% efl/k
) kHlu +1/k) ,

S0 N N
e = A}gnoo exp (— Z 1/k+ Zlog(k +1)— log(k)) :
k=1 k=1
We get that
ARy}
o= ngnooz; — —log(N) O



Next, we will discuss the range of holomorphic functions with Picard’s theorems.

Theorem 20.2 (Picard’s little theorem). Let f € Hol(C) be entire and nonconstant. Then
the range f(C) omits at most 1 point of C.
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21 Bloch’s Theorem and Range of Meromorphic Functions

21.1 Bloch’s theorem

We want to prove the following theorem.

Theorem 21.1 (Picard’s little theorem). Let f € Hol(C) be entire and nonconstant. Then
the range f(C) omits at most 1 point of C.

Remark 21.1. It is possible for the range to omit one point. e* # 0 for all z € C.

Remark 21.2. There exists a topological proof of this fact, but it requires the machinery
of covering spaces, so we will not visit it at this time.

Proposition 21.1. Let f € Hol(]z| < 1) be such that f(0) =0, f'(0) = 1. If, furthermore,
|[f| < M, then f({[2] < 1}) 2 D(0,1/(4M)).

We will write D := {|z] < 1}.
Remark 21.3. If M =1, then f(D) = D by Schwarz’s lemma.

Proof. Let w € C\ f(D). Then w # 0, the function 1 — f/w #0in D, and 1 = f/w =1
at z = 0. Then there exists g € Hol(|z| < 1) such that ¢> = 1 — f/w and g(0) = 1.
Differentiate and let z = 0 to get 2¢(0)¢’(0) = —1/w. So ¢'(0) = —1/(2w), which gives the
Taylor expansion

z
-1 = 4 ...
9(z) 50

Now given h € Hol(|z| < 1), we have h = Y">° ;apz" and

1 o ] 2 . 2,2
o o h(re") P dp =) |an[r*".
n=0

for r < 1. In particular, apply this property to g. Then

1 2T ) M
— h(re®))?de < |lg|* <1+ —
o7 ), [h(re")[Fde < [lgll5e < 1+ ol
and
Z |an)?r?™ > 1+ .
4wl
n=0
Sending r — 1, we get 1/(4|w|?) < M/|w|. That is, |w| > 1/(4M). O

Theorem 21.2 (A. Bloch). There exists an absolute constant ¢ > 0 such that if f €
Hol(|z| < 1) and f'(0) = 1, then the range of f(D) contains an open disc of radius £.
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Proof. Assume first that f is holomorphic near |z| < 1. Let Aut(D) be the set of holomor-
phic bijections ¢ : D — D; this is the set of automorphisms of D:

v € Aut(D) = go(z):)\z_a

1—az’
where [A| = 1, and a € D. We have
(L= 2P (2)] = 1 = |e(2)]?
for all ¢ € Aut(D). Define B(f,z) = (1 — |2[2)|f(z)| when z € D. For any ¢ € Aut(D),
B(fop,z) = (1~ [z)f ()¢ ()l = 1 = [p(2))?If (9(2)] = B(f, (2)).

The function B(f,-)is continuous in D, nonnegative, and equal to 0 on 0D. Let a € D be
such that B achieves its maximum at a.
Assume first that a = 0. Then |f(2)] < 1/(1 — |2|?) for |z| < 1 for |z| < 1. We get

- 101 = | [ S < B <t

If |2| <R <1, we get

1)~ FO)] < T2y = M.
Apply the previous proposition to (f(Rz) — f(0))/R, which is a holomorphic function
bounded by M/R. Then f(D) contains an open disc of radius Rm = R%?/(4M) =

R(1 — R)?/4. This is true for any 0 < R < 1, so the optimal choice of R is v/3/3. The
corresponding radius is v/3/18.
In general, we may have a # 0. Let ¢ € Aut(D) be such that ¢(0) = a. Consider
g = fo. Then
B(g,2) = B(f,¢(2)) < B(f,a) = B(g,0),

by pulling back using @ and the conformal invariance of B. Note that the right hand
side equals |¢’(0)[, so |¢’(0)] > 1. The previous discussion can be applied to the function
(9(Rz) — g(0))/(Rg'(0)). So the g(D) contains an open disc of radius v/318|g'(0)| > /318.
Since g(D) = f(D). we get the result, if f is holomorphic near |z| < 1.

In general, let f,(z) = (1/p)f(pz), where 0 < p < 1. Then f,(D) contains a fixed disc.
Then f(D) 2 pf,(D), which contains a disc of radius pv/3/18. Pick any such p to get the
theorem. O

21.2 Range of meromorphic functions

We will use Bloch’s theorem to prove Picard’s little theorem next time. Here is a corollary
of Picard’s theorem.
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Corollary 21.1. Let f be meromorphic in C and nonconstant. Then [ assumes all values
i C with at most 2 exceptions.

Proof. Assume f does not take on the distinct values a,b,c € C. Let g(z) = 1/(f(2) — ¢).
This is holomorphic away form the poles of f. The singularities at the poles of f are
removable for g, so g can be extended to an entire holomorphic function. Its range omits

2 values: 1/(a —¢) and 1/(b — ¢). So g is constant by Picard’s little theorem. O
Example 21.1. Let
1
1(z) = er+1

This function omits the values 0, 1.

Example 21.2. Suppose we try to solve f* + ¢” = 1 with n > 3. This equation has no
nonconstant solution by this corollary to Picard’s little theorem.
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22 Picard’s Little Theorem and Schottky’s Theorem

22.1 Picard’s little theorem

Last time, we proved Bloch’s theorem:

Theorem 22.1 (A. Bloch). There exists an absolute constant ¢ > 0 such that if f €
Hol(|z| < 1) and f'(0) = 1, then the range of f(D) contains an open disc of radius £.

We can now prove prove Picard’s little theorem.*

Theorem 22.2 (Picard’s little theorem). Let f € Hol(C) be entire and nonconstant. Then
the range f(C) omits at most 1 point of C.

Proof. Let f € Hol(C), and assume that f omits 2 distinct values a,b € C. By composing
with an affine transformation, we may assume that a = 0, b = 1. We will show that f is
constant.

We claim that there exists g € Hol(C) such that f(z) = —exp(imcosh(2¢g(z))). The
function f # 0 in C, so there exists ' € Hol(C) such that e>™f" = f. Moreover, F' does not
assume integer values, so we can define v/F —+/F — 1 € Hol(C) which is also nonvanishing.
Define g as a holomorphic branch of log(v/F — v/F — 1). Then

ed =VF —VF -1,

e 9 =VF+VF—-1
S10)

cosh(2g) + 1 = 2cos?(g) = 2F,
which proves the claim.
Let
E ={+log(v/n+vVn—1)+imr/2:m € Z,n > 1}.

—n

The points in E form the vertices of a grid of rectangles in C. We claim that ENg(C) = @.

If g(z) = £log(y/n + vn — 1) + imn /2, then

2 cosh(2g(z)) = e™™ (Vn+vn — D2+ (Vn—+vn— 1)2)2
= (12020 - 1),

so f(z) =1.

We now claim that g is constant. We have that the height of a rectangle R, in our

grid is /2, and the width of R,, is A1 — A, = log (\%Ziiﬁg) < C for n > 1. So there

exists some Ry > 0 such that each open disc of radius Ry meets E. If ¢'(a) # 0 for some
a, then apply Bloch’s theorem to the function g(a + Rz)/Rg’(a) for |z| < 1, R > 0. The
range contains a disc of fixed radius ¢ > 0 for each R > 0, so g(C) contains a disc of radius
Rl g (a)|]. But g(C)NE = @, so Rl g’ (a)| < Ry; letting R — oo, we get a contradiction. [

4This proof is not Picard’s original proof. Bloch’s theorem came after the original proof.
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22.2 Schottky’s theorem

Here is a consequence of Bloch’s theorem. It will allow us to prove Picard’s great theorem.

Theorem 22.3 (Schottky). For each 0 < o < 00 and 0 < 3 < 1, there exists a constant
M (a, 8) > 0 such that if f € Hol(D) omits the values 0,1 and |f(0)| < a, then |f(z)| <
M(a, B) for all |z| < B.

Proof. We may assume o > 2. Assume that 1/2 < |f(0)] < a. Following the proof of
Picard’s little theorem, let F' € Hol(D) be such that 2™ = f in D. Chose the branch
of f so that Re(F(0)) € [0,1]. Then e~ 27 (F©) = |£(0)], so | Im(F(0))| < (1/27)log(a).
We will call C'(a) any constant that depends only on a. So |F(0)] < C(a). Next, VF —
VF —1 € Hol(D), and |\/F(0)—/F(0) — 1| < |F(0)[*/2+(|F(0)|+1)}/2 < C(a). Finally,
let g € Hol(D) be such that e = /F —+/F — 1. Choose the branch so that 0 < Im(g(0)) <
2. We can then control |Re(g(0))|. We get a constant C(a) > 0 such that if f(z) =
exp(im cosh(2g(z))), then |g(0)] < C(a) if 1/2 < |f(0)] < «.

Recall that g(D) N E = @, where E is as in the proof of Picard’s little theorem. Then
there is a number Ry such that g(D) contains no disc. Let |z| < 8 < 1, and let

g(z+ (1= B)¢)
(1-0)g'(2)

where z is such that ¢/(z) # 0. This is holomorphic in |{| < 1, and ¢'(0) = 1, so ¢(D)
contains a disc of radius ¢ by Bloch’s theorem. So g(D) contains a disc of radius |ell(1 —
B)g’ (2)|. So |¢g'(2)| < Ro/(£(1—)) for |z| < 8. By integration, we get uniform control on
the function g. O

©(¢) =

We will finish the proof next time.
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23 The Montel-Caratheodory Theorem and Corollaries of
Picard’s Great Theorem

23.1 Proof of Schottky’s theorem, continued

Last time, we were proving Schottky’s theorem. Let’s finish the proof.

Theorem 23.1 (Schottky). For each 0 < a < oo and 0 < B < 1, there exists a constant
M(a, B) > 0 such that if f € Hol(D) omits the values 0,1 and |[f(0)| < a, then |f(z)] <
M (e, B) for all |z] < B.

Proof. 1t suffices to show this for when o > 2.

Case 1: 1/2 < |f(0)| < a: We have shown that we can write f = —exp(im cosh(2¢g(z)))
with g € Hol(D), |g(0)| < C(a), and |¢'(2)| < Co/(1—p) for |z] < B < 1, for some absolute
constant Cy. Writing g(z) = ¢g(0) = fol zg'(tz) dt, we get

Colz| <

9(2)| < Cla) + 12 <

Cla,B), |zl =B <1
We get
1£(2)] < e < M(a, B).

Case 2: 0 < |f(0)| < 1/2: Apply case 1 to the function 1— f. Then 1/2 < |1— f(0)] < 2.
So, by case 1, |1 — f(z)] < M(2,5) for |z| < g < 1. O

23.2 The Montel-Caratheodory theorem

Definition 23.1. Let Q C C be open, and let F C Hol(£2). We say F is normal if each
sequence in F has a subsequence which either converges locally uniformly in Hol(2) or
tends to oo uniformly on each compact set.

Theorem 23.2 (Montel-Caratheodory). Let Q C C be open and connected, and let F C
Hol(Q?) be such that for any f € F, f(Q) omits the values 0,1. Then F is normal.

Proof. Let (f,) be a sequence in F. It suffices to show that for any open disc D with
D C Q, there exists a subsequence of (f,,) which converges uniformly on D or tends to oo
unformly on D. Let (D,)32; be such that D, CQ 0= U, D,. Passing to a suitable
diagonal subsequence (g,,) of (f,), we get that for all v, (g,) converges uniformly on D,
or tends to oo uniformly on D,. Let ©; be the set of z €  such that (g,) converges
uniformly in a neighborhood of z, and let {23 be the set of z € Q such that (g,,) tends to
oo uniformly in a neighborhood of z. Then €21, Qs are open and disjoint, and Q = Qy UQs,
so the connectedness of €2 gives Q = Q; or = Q. In the first case, (g,) converges locally
uniformly in 2, and in the second case, (g,) tends to oo locally uniformly.

Let D C Q be an open disc, and let us show that (f,,) has a subsequence which converges
in Hol(D) or tends to oo locally uniformly in D. Let D = D(zg, R). We split into cases:
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1. [fn(20)| < 1 for infinitely many values of n: By Schottky’s theorem, we get a subse-
quence (fp;) such that for any compact K C D, |fy,(2)| < Cxforz € K, j=1,2,....
By Montel’s theorem, we get a locally uniformly convergent subsequence.

2. 1 < |fn(20)| for infinitely many values of n: Then apply Schottkey’s theorem and then
Montel’s theorem to 1/fy(z) € Hol(D). We get a subsequence 1/f,, — g € Hol(D)
locally uniformly. We have that g is either nonvanishing (then f,, — 1/g locally
uniformly) or g = 0 (then f,,, — oo locally uniformly). O

23.3 Corollaries of Picard’s great theorem

Recall the Casorati-Weierstrass theorem.

Theorem 23.3 (Casorati-Weierstrass). Let a € C, and let f € Hol({0 < |z — a|] < d})
have an essential singularity at a. Then the range f({0 < |z —a| < 0}) is dense in C.

Picard’s great theorem is a generalization of this.

Theorem 23.4. Leta € C, and let f € Hol({0 < |z—a| < §}) have an essential singularity
at a. There exists w € C be such that the range f({0 < |z — a| < r}) contains C\ {w} for
all0 < r <4.

Remark 23.1. The function f(z) = e'/# # 0 has an essential singularity at 0.
We will prove the result next time. Here are some corollaries.

Corollary 23.1. Let f € Hol(C) not be a polynomial. Then for all R > 0, f assumes all
values in C with at most 1 exception in |z| > R.

Proof. Apply Picard’s great theorem to f(1/z). O

Corollary 23.2. Let f be meromorphic in C, and suppose f is not a rational function.
Then for all R > 0, f assumes all values in C with at most 2 exceptions in |z| > R.

Proof. Assume that f omits 3 distinct values a,b,c in |z| > R. Let g(z) = 1/(f(z) — ¢).
Then g removable singularities, so it extends to an entire function. Moreover, g is not a
polynomial. ¢ omits the values 1/(a — ¢) and 1/(b — ¢) in |z| > R, which contradicts the
previous corollary. O
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24 Picard’s Great Theorem and Fatou’s Theorem

24.1 Picard’s Great Theorem

Theorem 24.1 (Picard’s great theorem). Let a € C, and let f € Hol({0 < |z — a| < d})
have an essential singularity at a. There exists w € C be such that the range f({0 <
|z —a| < r}) contains C\ {w} for all 0 < r < 4.

Proof. We may assume that ¢ = 0. Assume that there exists some ¢ > 0 such that
f € Hol(0 < |z| < &) and f(0 < |z| < €) omits 2 distinct values a,b € C. Let f,(z) =
f(z/n) € Hol(0 < |z| <€), so a,b ¢ Ran(f,) for all n > 1. Apply the Montel-Caratheodory
theorem to (f,,) to get a subsequence ( fy,, ) such that either (f,,) converges locally uniformly
in Hol(0 < |2]| < ¢€) or f, — oo locally uniformly.

Case 1: Assume that (f,,) converges locally uniformly in Hol(0 < |z| < ¢). Let
K ={z:|z| = ¢/2}. Then |f,, (2)| < C forall z € K, v = 1,2,.... In other words,
|f(2)| < C for |z] =¢/(2n,) — 0. By the maximum principle, f is bounded in a punctured
neighborhood of 0, so 0 is a removable singularity for f. This is a contradiction.

Case 2: Assume that f,, — oo locally uniformly. Let g,(z) = 1/(fn(2) — a). Then
9n, is a sequence of holomorphic functions with g,, — 0 locally uniformly. Arguing as in
Case 1, we get: g(z) = 1/(f(z) — a) has a removable singularity at 0 with g(0) = 0. So
f=a+1/g(z) has a pole at 0, which is impossible. O

24.2 Boundary values of harmonic functions in the disc

Theorem 24.2 (Fatou). Let u be harmonic in D and bounded. Then the radial limits
lim,_,1- u(rz) exist for a.e. z € D (with respect to 1-dimensional) Lebesgue measure on
the circle. If w = f € Hol(D) and f(z) = lim,_,;- f(rz) vanishes on a set of positive
measure (on the circle), then f = 0.

Proof. We may assume that u is real-valued. When 0 < r < 1, let u, : L'(dD) — C be
the linear, continuous functional given by

() = 5 [ atre) (e de.

:% .

We have |, (f)| < M||f||z1. Then

ter]l(L1y- = sup v () <M, 0<r<1.

ozfert If1cr

We can apply the Banach-Alaoglu theorem®: let B be a separable Banach space, and
let (An) be a sequence of linear, continuous functionals B — C such that ||Ay||p+ < C for

5The idea of the proof is to let take a countable dense subset (u.,) of B and use diagonalization to find
(Aq;) such that limje Aa; (uy). Then extend to any u € B using |[Aq| s~ < C.
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all a. Then there exists a subsequence (A,;) such that for all u € B, (Aa,(u)) converges
in C. In our case, B = L', so there exists a sequence r;, — 1 such that for every f € L',
limy, 1 pr, (f) exists. Define pu(f) as this limit. We have p : L' — C is linear, and
lpll(zrys < M. Thus, p € (L')*, the space of linear, continuous functionals on L'. This
space is L*°(D); that is, there is a g € L°°(D) such that

1 (7 . .
o 77rf(€“")9(6“")d90-
We get
1 T ] ] k—oo 1 T ] i
N wp wp I 2P 1P
57 | e ) f(9) 2= o [ g(e)f(et) dg.

Now z — u(rgz) is harmonic in a neighborhood of |z| < 1, so
u(ryz) = /P(z,ei‘p)u(rkei“’) dp VE,|z| <1
Let k — co. P(z,e%) € LY(0D), so

u(z):/ P(z,ei‘p)g(ew) dep.

—T

In other words, u is harmonic and bounded iff u equals the Poisson integral of g for some
g € L. Next, we will show that lim,_,; u(rz) = g(z) for a.e. 2. O

We will finish the proof next time.
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25 Fatou’s Theorem and the Riesz-Herglotz Theorem

25.1 Fatou’s theorem, continued

Last time, we were in the middle of proving Fatou’s theorem.

Theorem 25.1 (Fatou). Let u be harmonic in D and bounded. Then the radial limits
lim,_,1- u(rz) exist for a.e. z € 0D (with respect to 1-dimensional) Lebesgue measure on
the circle. If uw = f € Hol(D) and f(z) = lim,_,;- f(rz) vanishes on a set of positive
measure (on the circle), then f = 0.

Proof. We have shown that there exists g € L>°(9D) such that

1 T

=5 » P(z, ew)g(ei‘p) de.

u

Let €' € 9D be a Lebesgue point of g:

1ot

— g(e") — g(e")| dp — 0.
2mp a—p

We claim that the radial limit lim,_,; u(re’®) exists an equals g(e'®). This will establish
the theorem, as a.e. point in 0D is a Lebesgue point of g. We can assume that o = 0 and
that g(e’®) = 0 (otherwise consider u(e’*?) — g(e'®)). Thus,

L[ 1g@#)dp — 0
S e
3p )19 p =0,

and we want to show that u(x) — 0 as x — 1~ along R.
Plugging in the formula for the Poisson kernel,

1L (7 1—a2*
u(z) /x—ei%‘ﬂ?g(e@)d@'

:% .

The contribution to this integral coming from fw — 0, as P(x,e"%) — 0 uniformly

[2<]p|<m
in ¢. Estimate the contribution from |p| < 7/2: Writing § = 1 — z,

P(meiw)—l_(l_é)Qf 20— & < 2 ¥
T =P (a—cos(9)? +sin(p) T sin®(p) T 9

(%)

We get

1 [™ 1—2a2 :
o / T g 51g(e?)|dp < / +/
T ) |z — e As<lpl<n/z Jlo|<As
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20 , 26 — 62 .
< —|g(e*¥ dg0+/ ——|g(e"?)|dp
/A ) 19(e#) TRl

6<|p|<m/2 P |
20 . 20 )
< Slo@ldo+ [ Tlge)lde
/Adgsogrrﬂ o pl<as 02

o) 2/ :
< —+= g(e"?)| de.
Ao o IsDISAJ’ ()

Given € > 0, take A large so that C/A < ¢ for all 0 < 0 < Jp(e). For § small enough,
fIw\Sw/2 P(xz,e%)|g(e?)|dp < Te. Thus, u(x) — 0 as z — 1~. Thus, for a.e. z € 9D,
lim, 1 u(rz) exists and equals g(z).

For the latter part of the theorem, assume now that f € Hol(D) is bounded. Then
for a.e. z € 0D, lim,_; f(rz) =: f(z) € L*°(0D). We claim that if f(z) = 0 on a set of
positive measure in 9D, then f(z) = 0 in |z| < 1. The function log |f| is subharmonic in
D, so

1 [7 -

> — lo ") d

ro g [ loslfe)dg

is an increasing function. For any 0 < r < 1, using Fatou’s lemma,
™ ™

1 ) 1 )
— log |f(re*?)|dy < limsup — / log |f(re*?)|dy
r—1 2T

2T T -7

17 .
< g- | loglf(e)]de.
T

If f # 0, we can conclude that the integral > —oo. So log|f| € L*(0D), so {f = 0} is a
Lebesgue null set in dD. O
25.2 Representing harmonic functions by measures

We have been looking at functions u such that

1

=3 P(z,w)g(q) |dw]

u(z)
w|=1

for some g € L. Let’s try to replace g € L™ by g € L' or by a (Borel, regular, Radon)
measure dy on 0D.

Theorem 25.2 (F. Riesz-Herglotz). Let pu be a measure on 0D, and let

u:/| . P(z,w)dp(w), |z] < 1.
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Then w is harmonic in D, and the function r — flzl=1 lu(rz)| |dz| is bounded on [0,1). If

ur(z) = u(rz), then u, LmiN w in the following weak sense: for any ¢ € C(0D),

1 r tol
o RGO C LR /Z|:1 o(2) du(2).

Conversely, let u be harmonic in D such that f‘z|:1 lu(rz)||dz| < C for all 0 < r < 1.
Then there exists a unique measure u on 0D such that

u(z) = /|w|:1 P(z,w) du(w) |z| < 1.

Moreover, u, — p in the same weak sense.

Example 25.1. Let v > 0 be harmonic. Then the theorem applies, so
uG) = [ Plew)duu),
|lw|=1

where p is a positive measure.
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26 Harmonic measures

26.1 The Riesz-Herglotz theorem

Theorem 26.1 (F. Riesz-Herglotz). u is harmonic in D and

0<r<1

sup / lu(rz)||dz| < C < o0
|z|=1
if and only if there exists a measure y on 0D such that
u(z) = / P(z,w)du(w).
|lw|=1

Proof. Let u(z) = |,

lw|=1

P(z,w) du(w) for |z| < 1. Then w is harmonic in D, and

uvé%=3/ P(ret, 69)dp(p)
[—ﬂ',ﬂ')

-/ L
N [emm) L+ 12— 2rcos(t — ) e
= [ P ctdu(e).

[77‘—771’)

So

/7; lu(re™)| dt < /: </[7r,7r) P(re'?,e") |du(y)| dt)
_ /[_M) </_7; P(rew,eit)dt> |du(e)]

=27

< 2%/[ | | du(e)l-

Check also that if u,(z) = u(rz), then for all v € C(9D),

L e~ [ v du).

271 Jiz=1 |2]=1

The left hand side is

). </[—m) P(rei, ci¥) W) weyar= [ <217r [ Pty dt) o)
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where the part in the parentheses on the right is the harmonic extension of ¢ € C'(D), so
it converges to (e'?) uniformly in ¢ as r — 1. So this goes to f[_w ) P (e™?) du(yp).
Conversely, let « be harmonic in D such that

lurlllzs o) = / (2| |dz| <€, 0<r<l.

Here L'(0D) C M(AD), the space of bounded finite Borel measures on dD. The space
M(0D) is the dual of C(0D). By Banach-Alaoglu, there exists a sequence r; — 1 and a
measure p € M(9D) such that u,; — p weakly: for any ¢ € C(9D),

1
27 Jyz)=1

i, (2)0(2) 2] / ¥ d.

Finally, for all j, u,;(z) is harmonic near D, so

Letting j — oo, we get

u(2) :/P(z,w) dp(w). O

Remark 26.1. The measure p is unique. Let h' = {u € H(D) : [ |u(rz)||dz| < C Vr}.
The theorem says that the Poisson operator P : M(9D) — h! is a homeomorphism.

Corollary 26.1. Let f € Hol(D) with Re(f) > 0. Then there exists a measure pr > 0 on
0D and a constant c € R such that

w+ z

£ =ic+ [ )

Proof. By the Riesz-Herglotz theorem applied to Re(f) > 0, we write

Re(f(2) = [ T (j * ) duw).

So if .
w4z
9(2) —/ dp(w),
( i w2 )
then g € Hol(D), and Re(f) = Re(f). The result follows. O
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26.2 Boundary behavior of harmonic measures

We would like to understand the boundary behavior of u € h'.

Theorem 26.2. Let u € h', and consider the Lebesque decomposition of the representing
measure p: dp = f/(27) |dz| + d\, where f € LY(OD), and dX is singular with respect to
|dz|.

1. Then for a.e. z € D, the radial limit lim, 1 u(rz) exists and equals f(z).
2. If du = f/(2m)|dz| with f € L', then u, — f in L'(0D).
We will prove this next time. Here is an application:

Example 26.1 (Problem 12, Analysis qual, Spring 2016). Let u be real, harmonic in D,
u < M, and assume that lim,_,; u(rz) <0 for a.e. z € 9D. Show that u < 0.

Consider v = M — u > 0, which is harmonic. There exists a measure p > 0 such
v(z) = f|w|=1 P(z,w)dp(w). Writing du = f/(2m)|dz| + dX, where f > 0 and A > 0. By
the theorem, f(z) = lim,_,; v(rz) = lim,,; (M —u(rz)) > M. We get

v(z) :/P(z,w);;_|dw|+/P(z,w) d\(w) .

>M >0

Sov>M in D, and we get u <0 in D.
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27 Radial Limits of Harmonic Functions on the Disc

27.1 Radial limits of harmonic functions on the disc

Let P : M(OD) — h', the set of all harmonic functions u in D such that f|Z|=1 lu(rz)| |dz| <
C for all r, send pu+— Pu = u. We showed last time that this is a homeomorphism.

Theorem 27.1. Let u € h', and consider the Lebesque decomposition of the representing
measure p: dp = f/(2m) |dz| + d)\, where f € LY(OD), and d\ is singular with respect to
|dz|.

1. Then for a.e. z € OD, the radial limit lim,_,, u(rz) exists and equals f(z).

2. If dp = f/(2m)|dz|, is absolutely continuous and u(z) = |,

\w\=1P(2’w) dp(w), then
uy — f in LY(OD).
Proof. Write

ue) = [ Pewduto) = [ Pl dut).

[_Wfﬂ)

Recall that for a.e. ¢ € R, we have by the Lebesgue differentiation theorem that
1 [ete ) )
= - syl de
P Jo—p

1
! / dA(t)| = 0.
P Jle—pyp+pl

We claim that if ¢ € R is as above, then lim,_,; u(re’¥) exists and equals f(e¥). We
may assume that ¢ =0 and f(1) = 0. Then

P .
1/ F(e)|dt — 0, 1/ M) = 0.
PJ—p P J=p.p]

It suffices to show that if |nu is a measure such that (1/p) f[_p J |dv(t)] — 0 as p — 0,
then

/P(a:,e“) dv(t) 22, z e R.

Here,

/ Pla, e) du(t)
m/2<|t| <

since P(z,e') — 0 uniformly. Write § = 1 — z, and consider

/ Plz, e du(t) = / Pla, ey du(t) + / Pla, e du(t).
[t|< pi/2 Ves<|t|<m/2 [t|<v/co
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Here, C' > 0 is a large constant to be chosen later. When vC6 < || < |m/2],

" 1—2? 20 — 2 20 725 m*§ o«
P(z,e") = —— = S A S TS S A= A
|z —e|2 (2 — cos(t))2 +sin(t) ~ sin®(¢) 2 s C

Given € > 0, we get (taking C' large but fixed)

P(x, ey dv(t)| <e

/\/ﬁgﬂgnm

for all small § > 0.

Let 61 = vC§, and let
1—22

T 1+a2-2z cos(t)

p(t) = P(z,e")

Then ¢ > 0, ¢ is even, and ¢ is decreasing on [0, 7]. It remains to understand

/|t§\/cTS P(x,e)dv(t) = /|t|§51 o(t) dv(t).

We have
[ ai<e o<ps<a
[_pzp}
Write
t 1
ﬂw=¢m+/ﬁﬂ@w=ﬂ&w- H(s — 1) (s) ds
01 0
where
1 0
H(T) _ T >
0 <0

is the Heaviside function. Consider

01
/[0,51} elt) dult) = o() /[075_1} dv(t) _/[0’51] < ; H(s —1t)¢'(s) ds) dv(t).
—

<edy

Then

61
< p(61)ed —/0 ¢'(s) < [OMH(S—t) |dV(t)\> ds

61
3¢@x&—A ¢@<A]uwm>w

—_——
<es

‘/ o (t) du(t)
[0,01]
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Integrate by parts.

The contribution of [—§, 0] is estimated similarly. We get
u(z) = / Pla, e du(t) 225 0.

For the 2nd part of the theorem, given ¢ >, let ¢ € C'(9D) be such that || f — || <e.
If we write u = P f, then

[P = Fller < [(PHr = PP)elley + [(PY)r =Dy +e.
—_———

<IPf =) <If—=#ll;1<e  —0 uniformly on 6D

We get u, = (Pf), — f in L' O

27.2 The Riesz-Riesz theorem

Let H' = Hol(D)Nh! (the Hardy space). It can be show that the representing measure
of and H' function is absolutely continuous.

Theorem 27.2 (F. and M. Riesz%). Let uu be a measure on OD such that f[o o) et du(t) =

0 form=1,2,... (i.e. the negative Fourier coefficients of p vansish). Then p is absolutely
continuous.

Proof. Here is the idea. Let f = Pu € h'. The vanishing of the Fourier coefficients implies
that f € Hol(D). So u is absolutely continuous. O

5These two were brothers. This is the only collaboration between them.
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